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I. Introduction 
 

This paper considers the old conventional worklife model for workers be-
ginning active (CVa) of the Bureau of Labor Statistics (BLS) by deriving and 
analyzing with new methods its probability mass functions. The CVa’s median 
years of additional labor market activity, or equivalently years until final sepa-
ration, is shown in special cases to be consistent with the Hunt-Pickersgill-
Rutemiller (HPR, 1997, 1997a, 1999, 2001) computation. Like the Markov 
model which replaced it, the CVa completely describes sample path behavior of 
workers between the active and inactive states. We then discuss its variant 
which covers all workers, grouping those starting active and inactive, CV. The 
CV model merits the names demographic or actuarial model; we discuss our 
preference for these terms instead of Richards’ (1999, 2000) use of the term 
“conventional model.” Probability mass functions for the demographic model 
are explored and difficulties noted. We then map the CVa into a restricted 
Markov model, extending earlier work by Skoog (2002). We find two absorbing 
states, death and inactivity, and call this the LPd model, because it captures 
the L (“living”) and P (“participation”) components of the so-called LPE model, 
while imposing strong dependence (“d”) on the probability of future activity 
given the past activity or inactivity status and survival. This model is 
estimated and its mass functions are computed. Comparisons and connections 
with the CVa and CV/demographic models are noted. We present the machin-
ery to analyze all of the statistical properties of the LPd distributions’ years of 
additional activity, using our earlier results, by proving that these models are 
also Markov models, with highly restricted transition properties.  

We do the same for the new LPi model (“i” for independence with respect to 
initial labor force state) which provides a natural probabilistic foundation for 
the LPE model. Despite these analytical and theoretical extensions and 
estimates for the true conventional model, as extended to the LPd model, the 
CVa model implicit in HPR’s computation, the CV/demographic/actuarial/ 
Richards variant, and the LPi model, all embody but two parameters for each 
age, are thus nested within the three parameter Markov model, and rejected 
by the data. Consequently we are presently left with the more general Markov 
model for analysis of years of activity and years to final separation. 

                                                           
*Gary R. Skoog, Department of Economics, DePaul University, Chicago, IL and Legal Economet-
rics, Inc., Glenview, IL; and James E. Ciecka, Department of Economics, DePaul University, Chi-
cago, IL. We are grateful for referee comments which improved our exposition at selected points. 
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Figure 1 illustrates some of the basic relationships among the models dis-
cussed in this paper. At the top, the Markov (Increment-Decrement) Model im-
poses no restrictions on transition probabilities other than 

 
, , , 0i a i i

x xp p ≥ , x < TA i aa a a i
x xp p  – 1; d

x x xp p p 1a a a+ + d
xp p p= , 1i a i i i

x x+ + = , 
 for ala d i d

x xp p= l ;x  
 

 and  
p= = , x TA – 1, 

r years of activity  by those models. 

lytical Approach and Terminology 

. G

v

0x x x xp p p= =
 

for some truncation age TA. Our LPd and LPi models are special cases of the 
Markov (Increment-Decrement) model defined by assigning specific values to 
transition probabilities. The LPd model yields the conventional model for ac-
tives CVa, faithful to BLS Bulletin 2135 (1982), as well as a model for inac-
tives, CVi, that heretofore was unarticulated but was implicit in the conven-
tional model. The conventional model regardless of labor force status, CV, is a 
weighted average of CVa and CVi. The HPR, Smith (undated) and Nelson 
(1983) estimators for the median years to labor force separation result when 
CVa is restricted to ages at and beyond peak labor force participation and par-
ticipation rate data fulfill a monotonicity condition. The LPi model provides a 
probabilistic foundation for the life and participation part of the LPE model. 
Viewed from the bottom and moving to the top of Figure 1, each model is a spe-
cial case or result, involving age and special transition probability assump-
tions, of the model above it. Thus, all of the models are Markov models but 
with fewer restrictions as we move to the top of the figure. Figure 1 also shows 
demographic models of labor force activity as promulgated in Bulletin 2135. 

hese models are not probabilistic, but the means of the LPd and LPi models 

a a a i i a i i  ≥  

T
fo  closely agree with the worklives produced
 

II. Ana
 
A eneral Commentary 
 

Before proceeding to the models individually, it is useful to remark that 
both the Markov and conventional model employed probabilistic concepts 
(transition probabilities with embedded mortality probabilities in the former, 
and mortality and participation probabilities in the latter) and applied them to 
determine various mathematical expectations. Both were formulated as com-
putations of expected or average years of labor force activity, the former condi-
tional on initially being active or inactive, and the latter unconditionally with 
respect to initial status. The Markov model thus additionally permitted non-
trivial conditioning on initial inactivity. Research on neither model, before our 
recent work with the Markov model, thoroughly exploited these models’ prob-
abilistic implications. We provide this analysis now for the first time by fully 
articulating what was described by the BLS as the conventional model; we call 
this the LPd model. Closely related are variants of the conventional model, 
ariously called the CV (for conventional) model, the actuarial, and/or the 
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demographic model. Except for our work, there has been no discussion of sam-
ple paths, i.e., the statistical distribution of functions of statuses several years 
into the future, conditional on current status. Once a model is analyzed and/or 
augmented so as to permit the specification of such general distribution func-
tions, one has broken through the barrier that had restricted previous study to 
expectations. Our theoretical framework permits the study of natural random 
variables, such as YA, years of additional activity, and YFS, years to final 
separation.1 In each model, any statistic involving these random variables, 
such as the mean, median, or mode, may now be studied in the population or in 
a sample. We may thus compare an estimator claimed to be estimating the 
“median” with proper estimators of the median, within the context of any 
particular model.2 We may alternatively start with an estimator, or an estimat-
ing equation, and locate a model in which it is justified, as we do with the HPR 
esti

e

mator. 
Finally, it is useful to elaborate further on probabilistic underpinnings 

which have been absent or neglected in this literature in all of the models from 
the vantage point of stochastic process theory. Let t denote ag  (we will also 
use x below, where in agreement with common usage) and let t jX +  be a random 
variable taking on one of the “status” values “a” “i” or “d” at age t+j. We need to 
understand or specify what each model says or can reasonably be expected to 
say about joint conditional probabilities such as 

 
( )1 111,..., |t tP X X X a+ = ,  

 

3

( )1 111,..., |   t tP X X X i+ = and the unconditional probabilities such as 
 

( )1 111,...,tP X X+ . 
 

Here, 111 is taken to be an age by which everyone has died. 
Once one dies, one never becomes active, so these joint probabilities will 

not generally factor,4 i.e., the joint conditional and unconditional distributions 
are not independent. The Markov model induces these probabilities; other 
worklife models may need extension so that these joint probabilities are well 

                                                           
1These references to random variables (in italics, and using all capital letters) are generic. We will 
need a notation which also reflects the starting age and activity status. 
2For example, the HPR estimator is claimed to estimate the “median” of the years to final separa-
tion random variable, YFS, within the Markov model, but it is an inappropriate estimator for this 
model (it is not statistically consistent). The same estimator could be motivated by another means, 
what we call an LPi model, but it is again ill suited to that model. It is shown in this paper to be 
consistent instead for only the LPd median for certain ages, and in the presence of regularity con-
ditions not present in their data. 
3These are, with finitely many time periods, tail σ -fields, involving the entire future of the proc-
ess. That is, we need a probability measure that maps active, inactive and death events, their com-
plements, unions, and intersections into the interval [0,1]. 
4A partial factorization defines our LPi model in Section VI; but, because the distribution of  is 
different if d than if =a or i, the  random variables cannot be strictly statistically 
independent.  

 tX
 tX = tX tX = tX
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defined for them as well. Once such conditional bilities are determined, 
random variables such as 

t i tX a X a+

proba

 
111-

,
=1

I
t

t a
i

YA |⎡ ⎤⎣ ⎦= =≡ ∑ , 
 

which counts the s years of additional activity after age t starting active, would 
have well specified probabilities ( ), ,YAp t a s  for .5,1.5,...,110.5s t= − . In this 
definition the symbol "I" deno es the “indicator function” equaling one when 
the subscripted event occurs. T is approach has been developed in Skoog and 
Ciecka (SC, 2001, 2001a, an

t
h

d 2002).  
Similarly, for any number  of years into the future, the probability of any tk

sam le path event, such as 
 

1P or ,  ,  0,1,... |
tt t kj tt k

p

X i d X a j X a++ ++⎡ ⎤= = = =⎣ ⎦ 
 

is well defined, allowing us to compute the probabilities ( ), ,YFSp t a s  of final 
separation as occurring s years into the future, for a person age t and active, 
for 0,1,...111 -s t= . The theory and tables based on this idea have been pre-
sented in SC (2003). Without a specification of these joint probabilities, notions 
such as years to final separation are not well defined − underidentified in 
econometric parlance. Underidentified parameters cannot in principle be con-
sistently estimated. 

In Section III we turn to a thorough analysis of the conventional model and 
its variants, permitting its probability mass functions to be studied. We de-
velop the probability mass functions for the YA and YFS random variables, 
years of activity and years until final separation, for the several models which 
are closely related to each other, and are sometimes thought to be competitors 
of the Markov model. In fact, these models will be seen to be very special cases 
of the Markov model, although not heretofore appreciated as such. Our guide 
as to what the conventional model was historically is taken from Appendix B of 
Bulletin 2135, in which the BLS already had earlier, in Chapter 3, introduced 

 is 

B. M

the increment-decrement model. The reader seeking additional detail
encouraged to review this appendix. 
 

odels, Random Variables within Models, Population Characteristics of 
     Random Variables, Estimators, and Recipes 

 
We have chosen the words in this section title very carefully, in our at-

tempt to summarize, synthesize, and extend a worklife literature that has of-
ten not been careful about these distinctions. By a model we mean a specifica-
tion sufficiently detailed so as to imply the probability laws for the labor force 
status of individuals over time. The model may be, like the Markov model, 
formal, complete and mathematically rigorous. It may be informal and verbal, 
but complete, as has been the conventional model starting active. It may be 
informal, verbal and, if not complete, vague but suggestive of a completion, as 
is the model we describe as the conventional model. Within a model, there are 
natural random variables of interest, such as YA and YFS, among others. 
These random variables have characteristics, such as probability mass func-
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tions, means, medians and modes, etc. These characteristics generally possess 
estimators, once a sampling mechanism according to which data are generated 
has been specified. Finally, there are recipes − formulae for cooking or 
preparing something (data). Estimators are recipes capable of being evaluated 
within the context of a model; a recipe may be proposed without the benefit of a 
model, in which case it cannot be assessed without model completion. A first 
example of a recipe is equation (4) below; without more specification, we call 
this an actuarial or demographic estimator. Another recipe is HPR’s equation 
(18 below). We make these distinctions because, at times, recipes have been 
onfused rse, 

recip  or 
pop r

C

c  with estimators (the latter cannot exist outside a model); wo
es are sometimes confused with or identified with the models

ulation pa ameters themselves. 
 

III. Demographic Interpretation of Conventional Models CV and CVa 
 

onsider xl  individuals with fixed socio-economic characteristics, all at ex-
act age x, who are alive. The usual actuarial approach to life expectancy begins 
with either the age specific mortality rates 1( ) /x x x xq l l l+≡ −  or the life ta-
ble 1 2,  x xl l+ + ,…―the survivor sequen e itself. Associated with the life table se-
quence { x } is a sm othed version, { xL }, which depicts both the number of x-
year-olds alive at the midpoint of the interval and the number of years of life 
between ages x and x+1 experienced by the xl  persons who have survived to 
age x. The objects xl  and xL  are viewed demographi lly in two distinct ways: 
longitudinally (as a time series) they refer to a cohort as it ages, while cross 
ectionally, at a point in time, they are characteristics of a synthetic stationary 
opulation, into wh

c
o

s
p ich ar rn the same number, l  of individuals per year. 
The

 e- ecific labor force activity rates (called  in 
etin 2135), are denoted by  (for p

l

ca

e bo  0
 radix value 0l  of 100,000 is arbitrary but traditional, and leads to 

16l =97,823 (in BLS Bulletin 2254, 1986, p. 11) as the number surviving to age 
x = 16, for example. 

Economy wide data on ag sp xw
Bull xpp articipation at age x). These permit 

efinitions (cf  in op. cit., p. 47 of two labor force functions, analogous 
e life table functions  and

 (1)

the d ) . xlw
to th

 
xl xL   

 x x xlp l pp≡  
 

 (2) 1[( ) / 2]x x x x x xLp l l pp L pp+≡ + ≡  
 
What appears to be an asymmetric treatment in the right hand side of (2) 

is resolved by interpreting xpp as the midyear participation probability. 
Alternatively xpp may be regarded as the proportion of the x-year olds who are 
active at any point within the age (x, x+1) year interval, and the portion of a 
year spent in the labor force on average (Assumption 6).5 The conventional 
model then assumes that “there is no turnover of male workers. Every man 
who enters the labor force does so only once, remaining continuously active 
from entry until permanent retirement or death” (Assumption 7.) Finally, the 
conventional model deals with the initial influx of young workers who were 
                                                           
5The numbers following a capitalized Assumption are those of Bulletin 2135.  
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initially inactive by assuming that this movement is unidirectional: “prior to 
the age of peak labor force involvement, men enter but do not voluntarily with-
draw. A few die. After that age, workers retire or die, but none reenters the job 

arket” (Assumption 8). The conventional model is different for women, re-
quiring several paragraphs and new concepts to allow temporary or permanent 
withdrawals for m ge

m

arria , the birth of a first child, retirement, and death (op. 
. 49). The working life table construction continues to mimic the actuarial 

emographic life table or recipe by accumulating  over all ages at and 
o ob

cit.,
or d

 p
 xL p

beyond x t tain xT w : 
 

 (3)  
111 111 111 1

2
x x x x j x j

x x j x j x j x j
l l

T w Lp L pp pp
− − − + + +

+ + + +
0 0 0j j j= = =

+
≡ = =∑ ∑ ∑ . 

 
Divi x
life expect

ding  firs  and then by  gives, at this point, a recipe for work-
ancy e overall population, and a recipe,

t by xlxT w lp
xew , for th xew ′ , for the work-

xpectancy of the active population, respectively (cf. ) and (24) in Bulle-
2135, op. cit.) as: 

 (4) 

life e (23
tin 

 

( )x
x x

x

Tw
ew WLE CV

l
= ≡  

 

 (5) ( ),x
x x peak

x

T w
ew WLE CVa x x

lp
′ = ≡ ≥  

 
We continue with our discussion of the working life table for men, and de-

fine the participation at the age of peak participation, peakx , to be 
peakxpp . In 

Bulletin 2135, the peak occurred at age 34. Observing that the xTw  additional 
years of total activity are contributed by the closed population of the entire 
population of the xl  people alive at x, it is apparent that the calculation of (4) 
makes sense for any age, before, at, or after the peak. While we might refer to 
this equation as the demographic or actuarial “model,” understanding that it 
applies only to the entire population, such usage generously anticipates some 
completion, of which two are described below; “actuarial recipe” and “demo-
graphic recipe” are more appropriate descriptors at this point. Indeed, Rich-
ards takes (4) to be the “conventional model,” ignoring the steps necessary to 
obtain the conventional model for active men in (5) and as it needs to be ex-
tended for earlier ages, ignoring the BLS conventional model adaptations for 
women, and ignoring estimator/model issues. Thus, Richards’ “conventional 
model” agrees with the BLS’ conventional model for the population as a whole 
(for men), and does not attempt to define worklife for the active population, a 
major drawback for forensic work, in our view.6 When he applies the same 
                                                           
6His claims for the superiority of the “conventional model” to the Markov model can only be with 
respect to the Markov model’s worklife for the entire economy, defined below as a

xe•

us was
, something 

that almost never arises in practice because we will know whether the initial stat  active or 
inactive, in most cases. Indeed, in the latest and most complete Markov tables, SC (2001a) do not 
even bother to compute a

xe• , but use of equation (31) below would permit this. 
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equation, (4), to women, his terminology deviates further from the BLS defini-
tion of the conventional model. The BLS conventional model for women ap-
pears not to have been fully described for at least 48 years. In Bulletin 2135, on 
page 49, appear two equations in that model depicting accessions for women 
following loss of a husband (21) and separations due to childbirth (22). The 
eader is referre  to the BLS Bulletin 1204 (Garfinkel, 1957) for the otherr d  for-

mu

s, we prefer 

ovides an

o

uted b

lae, which specify other elements missing in these equations―activity rates 
of women with husbands present, separation rates due to childbirth, and birth 
rates for married women who never become mothers being a few. For these 
reason a more historically accurate descriptor for (4) such as the 
demographic model or the actuarial model, both of which we shall employ. 

The interpretation of the right hand side of (5), which pr  estima-
tor for what we call CVa, and what the BLS called the conventional model for 
the active population, is more pr blematic. These xTw allocations make sense 
for ages  = 34peakx x≥  since the model assumptions imply that, for these ages, 
everyone who ever will be active is active. Hence the xTw  additional years of 
total activity are contrib y the closed population7 of the x x xlp l pp=  people 

e and active at that age. However, for “young” ages x, below that of peak 
participation, the denominator, xlp  will increase with x, reflecting an influx of 
labor market participants, and so neither numerat denominator can re-
fer to any clo population; provided that the modest deaths do not exceed the 
inflow caused by rising

aliv

or nor 
sed 

xpp , xlp  will be increasing. To maintain a definition of 
xew ′ , the BLS went to great lengths, by modifying both the numerator and 

denominator in (5), so that it could be applied to these earlier ages.8 The 
numerator modification assumed that xpp  equaled

peakxpp for ages x < peakx  
and applied the xTw  formula to these earlier years embodying this modifica-
tion. The BLS described this process as including “additional person years of 
labor force attachment, ‘work-years’ which don’t really occur” (op. cit., p. 51) 
dubbed “fictitious work-time” (op. cit., p. 57). The denominator modification 
involved running the life table backwards, so as to give a population which, 
subject to mortality, would have resulted in the number of participants ob-
serv

a
p

a does not a

                                                          

ed in the labor force at the peak. This admittedly ad hoc construction pro-
vides the “closed labor force” in the sense of the BLS conventional model for 

ctives. When the model behind equation (5) is extended in this way to the pre-
eak ages, we understand this to be the conventional model for actives, and 

continue to use the symbol CVa.  
By contrast, the actuarial or demographic recipe (or, more loosely, “model”) 

applying only to the general popul tion ppear to require the heroic 
CVa measures. The BLS estimated its conventional model for the last time in 
Bulletin 2135, Appendix B using 1977 men, reporting side-by-side on page 55 
in columns (10)-(14) the actuarial/demographic model and in columns (15)-(19) 

 
7The fact that the population is closed for these ages follows from Assumptions 7 and 8. 
8See the treatment on pages 46 and 47 of Bulletin 2135 for men, especially Figure B-2, and pages 
49-51, especially Figures B-3 to B-6, p. 51. 



 Skoog & Ciecka 55 

the CVa model. In fact, columns (10)-(14) also depict work  com-
puted as a weighted average of ( )W L E CVa and ( )W L E CVi , where the latter, as 
the development below shows, is taken to be simply 0. Although the BLS did 
not bother to spell out the conventional model starting inactive, at and beyond 
the peak age of labor force participation, evidently zero additional years of la-
bor force activity are attained, so that we may write this as 0xCVi ≡ for 

 peakx x≥ . This notation conveys the idea that starting inactive at these ages, 
the probability mass function is degenerate, concentrated on zero. Neverthe-
less, there are multiple ways that these CVa and CVi models may be combined 
to produce a model of worklife for the entire population which possesses the 
same worklife expectancy. Although the models have the same worklife expec-
tancy, they are very different in other important economic dimensions, and il-
lustrate key differences between the models, some of which continue to be used 
by forensic economists. The basic insight goes back to Mincer (1966, p. 102) 
and Ben-Porath (1973), and no

life expectancy

tes that an average participation rate of (say) 
40%

f the l
llow and of those who follow  the distri or mass 

fun
l m

idpoint dating con-
ven

. While they 
wer

 does not mean that 40% of the individuals are almost always in the labor 
force while 60% are in almost never−a phenomenon since referred to as ex-
treme heterogeneity. Mincer noted that “It means rather that the same indi-
viduals are sometimes in and sometimes out during a period of years.”−what 
has been termed since as homogeneity.  

Starting with the case of heterogeneity, the CVa model is sufficient, as we 
show below at equation (9), to induce the distribution of additional years in the 
labor force. CVi trivially induces the point mass at 0 years distribution, at least 
at and beyond peak participation. I  popu ation consists of xpp  of those 
who fo x x

ction for the economy follows the mixture distribution with these weights. 
We could denote this version of the conventiona odel symbolically as 

(1 )x x x x xCV pp CVa pp CVi= + − . For the pre-peak ages, also present in the BLS 
table, the same mixture distribution argument would apply to however 

xCVa and xCVi were extended back to earlier ages. 
At the oth eme of complete homogeneity, we might assume that each 

individual becomes active at age x with probability xpp regardless of employ-
ment history. This is the LPi model discussed below, and implicit in the LPE 
model. Worklife expectancy in this model, because 

CVa 1 xpp− CVi , bution 

er extr

of our m
tion, is ½ of a year greater for actives than inactives; for the economy as a 

whole, the xpp , 1 xpp− weighted average, taking the ½ into account, essentially 
reproduces demographic/actuarial/CV worklife expectancies. This is a second 
mean preserving completion of the mean-oriented basic specification of the 
conventional model consistent with equation (5).  

It happens that neither of these completions corresponded to the BLS’ de-
scriptions of the extensions necessary for the conventional model

e also not interested in obtaining probability mass functions for years of 
additional activity, their verbal description, when put in the form of equations 
(26)-(29) of Section V, constitutes a third extension. As we show, this turns out 



56 JOURNAL OF FORENSIC ECONOMICS 

to be a Markov model, replicates the worklife for the special cases of those 
starting active, starting inactive, and for the economy as a whole.  

With the reasoning of the previous paragraphs in mind, we identify the ac-
tuarial/demographic model with the CV or conventional model when referring 
o the entire population, and especially to means, while distinguishing and 
harply differentiating these terms when referring to the completely stochasti-

cally specified and more in Sections IV and V) 
hich consists of the lock models. Table 1 

su
 
 
 

 

t
s

elaborate L el (developed 
stochastic CVa and CVi building b

Pd mod
w

mmarizes these distinctions.  

Table 1 
Different Views of the Conventional Model 

 

Conventional Model as Developed by the BLS 
1. Model does not focus on probabilistic concepts, rather is actuarial or demographic in nature. 
2. Model produces only one primary result: worklife expectancy. 
3. Model generates worklife for the entire population at all ages, called CV, actuarial,  
    or demographic model – provides recipes. 
4. Model generates worklife expectancies for the active population at peak 
     and post-peak labor force participation ages, called CVa model. With additional 
     assumptions, labor force participation for actives in pre-peak participation was 
     verbally described. 
5. Worklife expectancies for the inactive population are zero at peak 
    and post-peak labor force participation ages, called CVi model. 
 

Conventional Model Development New to This Paper, Called LPd Model 
1. Model is formulated to be probabilistic in nature. 
2. Model produces all of the characteristics of labor force activity: mean (worklife 
    expectancy), median, mode, standard deviation, skewness, kurtosis, and 
     probability intervals. 
3. Model produces all of the characteristics of labor force activity for the active 
    population (CVa model) , inactive population (CVi model) , and the entire  
     population (CV) model. 
4. Model produces all of the characteristics of labor force activity for all ages,  
    whether pre or post-peak labor force participation ages. 
 

Results Common to BLS Development and Skoog-Ciecka Development of the 
Conventional Model  
1. Both models produce the same worklife expectancies for the entire population. 
2. Both models produce the same worklife expectancies for the active population  
    at peak and post-peak labor force participation ages. 
3. Both models produce the same worklife expectancies for the inactive population  
    at peak and post-peak labor force participation ages. 
4. There are no other common results because the conventional model as developed 
    by the BLS only focused on worklife expectancies. 
 

Additional Comments 
1. When CV, CVa, and CVi are used in the context of the original BLS development,  
    these models are not probabilistic but are demographic/actuarial in nature. 
2. When CV, CVa, and CVi are used in the context of the LPd model developed in  
    this paper, these models are probabilistic but yield the same expectancies as the  
    original BLS models, and many other results as well. 
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Neither the BLS nor Richards mistakenly allocated xTw  over only the xlp  
(i.e., actual actives, as opposed to the “closed population” of

peakx xpp ) actives in 
(5), for pre-peak ages, without acknowledgment of the need for such modifica-
tions at those pre-peak ages. Unfortunately the HPR estimator will be shown 
at (18) to do exactly this, but with the minor modification that the exact age x 

ntity xlp  is replaced by smoothed xL p HPR’s x

l

qua ( A ). In HPR’s worked exam-
ples, the labor force is not closed, either under their Markov assumption or, 
after they switch the exp sition to xpp terms involving data from the U.S. econ-
omy, under this alternative which they use in e

o
sti n.9 matio

 
 

IV. Probabilistic Interpretation of the CVa Part of the LPd Model at  
Peak and Post-Peak Participation Ages and the HPR, 

Nelson, and Smith Estimators for the Median 
 

A. Distribution Function and Survival Function at Peak and Post Peak 
  Participation Ages for CVa 
  

There is additional notation in Bulletin 2135, which we use to develop the 
probabilistic structure of the model CVa. s

x  is defined there to be the rate of 
total labor force separations x within the age interval x to x+1:

Q
 S

 
1 1( )

1s x x x
x

x x

S Lw Lw Lw
Q

Lw Lw Lw
x

x

+ +−
= = = − , 

 
which in our notation is  

 
  

(6) 1 1 1 2 1( )
1 1s x x x x x

x
L pp l l pp

Q
1( )x x x x xL pp l l pp

+ + + + ++
= − = −  

l. One value of the YA and YFS probability mass function is estab-
d: 

 

++
 
With an end of period transition assumption, a person is credited with one 

additional year of activity or one year until final separation if separation oc-
curs at the end of this interval. Recall that in this CVa model, all separations 
are fina
lishe

(7) ( , ,1; ) s
Y FS xp x a CVa Q=   

 
whe are ( ,1; )Y FSp x CVa is the probability that an active person age x will finally 
separate fro  the labor force in one year in the CVa model. 

W

,
m

e let s
xP  indicate the probability that we do not separate at age x+1, so 

that 

                                                           
9This HPR discussion is more consistent with a final alternative model we will develop in Section 
VI, the LPi model. 
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(8) 1 11s s x x
x x

L

x xL pp
pp

P Q + += − = . 

 the general probability of finally separat-
ter exactly j additional years  

 

 
he same development leads toT

ing af

(9) 1 1( , , ; ) ...s s s s
YFS x x x j x jp x a j CVa P P P Q+ + − +=   

 
and the probability of remaining active for more than j additional years is  

 

(10) 
111

1
1

( , , ; ) ... 1 ( , , ; )
jx s s s

YFS x x x j YFS
i j i

p x a i CVa P P P p x a i CVa
−

+ +
> =

= = −∑ ∑

 of remaining active through age 
x+j  that at least j+1 more periods of activity are experienced. 

e may then define, as usual, the distribution function F(x,a,t) for the 
paration random variable as 

Y FS x a
j

; 

 
the right hand side of (10) is the probability

, so
W

years to final se ,x a
 

(11
t

Y FS , 

) ,
1

( , , ) ( , , ; ) [ ]F x a t p= =∑ x a j CVa P YFS t
=

≤ , 

he survival function associated with a random variable is traditionally 

]x aFS t

 
T

denoted by T, and is defined as: 
 

(12) [Y
,

( )
x aY FST t  ,P= > . 

1,t
 

Evidently from (11) and (12), since , ,[ ] [P Y FS t P Y FS ]x a x a≤ + > =  

t
 

(13) 
,

( ) 1 ( , , )
x aY FST t F x a= − ,  

 

x a t T t= − = . 

giving us a closed form expression for th ivor function:  
 

(15) 

so that (indicating the previous equalities used) we have 
 

(14) F1+ + ,

(10),(11) (13)
... 1 ( , , ) ( )s s s

x x x t x aY FSP P P

e surv

1,
( ) ...s s s

x x x tx aY FST t P P P+ += .  
 

Since from (6) and (8), 
 

1 1x j x js
x j

x j x j

L pp
P

L pp
+ + + +

+
+ +

= , 
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the telescoping nature of the survivor function (15) upon substitution produces 
a simplified expression for the survivor function of the CVa model:  

 

 (16) 
,

( ) x t x t
x a

x x
Y FST t

L pp
L pp+ += . 

 
will utilize this immediately belo  to find the We w appropriate estimators of the 

 YFS and YA in the CVa mo l, which we will recognize as the HPR 
ating equation. 

medians of de
estim

 
B. Probability Foundation for the YFS Estimator Used by HPR 
  

Assume that there is an integer xk  such that 
 

(17) 
,

1( )
2x aY FS xT k = .  

 
Then by the construction of the survivor function, ½ of the population experi-

p to and including  additional years until final separation, and 
more.  is by definition the median of the distribution of the 

FS  random variable. Solving the equation which sets the survivor function 
roduces an appropriate estimator for the median time until final exit of 
ndom variable. Substituting the  defin on (17) into the particular 

survivor expression (16) for this model, gives10 

ences 1,2,…u
½ receives 

xk
xk

,x aY
to ½ p
any ra itixk

 

(18) 1
2

x x

x x

x k x kL pp

L pp
+ +=  

 

 (18a) 1
2x x x xx k x kL pp L pp+ + = . 

 
We have shown that for the model CVa, starting at an age at or beyond the 

peak, half of the original x xL pp  active population gets xk  years until final 
separation when ( , , )xF x a k = ½ exactly. But (18a), with consistent estimators 
of the population parameters { xL } and { xpp }, is precisely the HPR 
computation or estimating equation. This provides that estimator with its first 
proper justification. For male actives, in the conventional model, and at or 
beyond peak participation, the HPR estimator is defined in the sample by an 
equality which is true in the population. Since this conventional model is “once 
out, always out” of the labor force, the random variables ,x aY FS  and ,x aY A  are 
here synonymous, and so the development above shows that xk  provides an 
appropriate estimator for both the median of years to final labor force separa-
tion and the median years of future activity (not worklife expectancy), since 
these concepts are identical in this model. This is indeed ironic, because the 
                                                           
10In general, interpolation is required to determine both xk v

e as th
ia (18) and the median of the empiri-

cal distribution function (11), but the result is the sam at proved above because the same 
interpolation is made in both equations.  
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median years to retirement that HPR claims to estimate generally is touted as 
being a “capacity” measure, as distinguished from the “years of activity” or 
wor

ustified, the tw
a

klife measure. In this one model, and in this limited domain, where the 
HPR estimator is j o concepts of YFS and YA are the same, so its 
theoretical adv ntage of measuring the different concept of capacity has disap-
peared. We note that the HPR estimator has a probabilistic foundation for men 
at and beyond peak-participation ages; but it is outside this domain of justifi-
cation when applied to pre-peak ages and to women, and possibly even to post-
peak men unless still another regularity condition holds.  

The expression (8), applied to s
x jP +  shows that there may be logical prob-

lems w s model if 1x j x jpp ppith thi + + +> , since the “probability” in (8) could ex-
ceed 1. Equivalently, s

x jQ +  would then be negative. We have seen that this oc-
curs generally before the age of peak participation; it may also occur at later 

ges, as is shown in Table 3, generated from the HPR (2001) participation 
rates at var t  the peak is not 
monotonically decreasing, and the mo otonicity violation is not overcome in 
the

a  our 
ious ages. When the participa ion rate beyond

n
 product ratio in (8) by the force of mortality, such “negative probabilities” 

in the ,x aY FS  probabilities will occur. A sufficient condition to rule out “nega-
tive probabilities” and permit a bona fide probability distribution is the fol-
lowing monotonicity condition: 
 

Monotonicity Condition (MC): 1x j x jpp pp+ + +<  for x+j beyond  peakx

 
and 

years of additional labor force activity are synonymous, so there is only one 
pro

As we have noted, in the conventional model years to final separation 

bability mass function: ( ) ( ), , ; , , ;YA YFSp x a s CVa p x a s CVa≡ . Further, we 
were fortunate to have been sions for these 
bjects, a luxury not possible in an unrestricted Markov model or in other 

models of YFS and YA such as the LPi model below. 

C. Probability Mass Function at Peak and Post-Peak Participation for CVa 
 

rom those closed form expressions, we may observe the following recur-
 

 able to derive closed form expres
o

 

 
F

ion:s
 

( ) ( ) ( ), , ; 1  1, , 1;

( 1, , 1; ),    > 1,  < 

s
YFS x YFS

s
x YFS

p x a t CVa Q p x a t CVa
(19) 

P p x a t CVa t x TA

= − + − =

0) YFS xp x a t CVa Q t x TA=  
 

+ −
 

 
and 
 

s( ), , ; ,  =1   < -1,(2
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where s
xQ  gives the most immediate11 separation probability at age x and TA is 

rminal age. 
re (20) may be regarded as a boundary condition and (19 s the main re-

ption and the definition of the 

the te
He ) a

cursion. From the end of period transition assum
TA, the terminal age (here 111), (20) is modified for x=TA-1 and x=TA to: 
  
(21) ( )-1, ,1; =1s

Y FS T Ap T A a CVa Q= ,  
 
(22) ( ) ( ), ,1; 0 and , ,0; =1Y FS Y FSp TA a CVa p TA a CVa= , 
 
which may be regarded as global conditions.  

We now call the model given by (19)-(22) a partial version of the LPd model 
(developed in Section V) because it incorporates the mortality probability (“L”) 
and participation probability (“ P ”) of the LPE model, along with strong 
dependence (“d’”) assumptions regarding mortality (as usual) but now also 
participation. With s

xQ  given by (6), we have “stochasticized” the conventional 
worklife model, at and beyond the age of peak participation and have specified 
a condition (MC) to ensure that the probability mass functions are well 
defined. Further, the recursive treatment of (19)-(22) indicates that the LPd 
model will satisfy the Markov property―future probabilities depend on no more 
past history than the current state, and in fact is a first-order Markov process.  

Before extending the LPd model to earlier ages, we report on empirical 
work illustrating one development of the theory so far. Table 2 uses participa-
tion data from each of the two HPR papers. We replicate in columns (2) and (4) 
their YFS calculations for the total male population and male high school 
(only) graduates, using the demographic method described above, which makes 
no allowance for pre-peak entry. We then calculate, in adjacent columns (3) 
and (5), the median from what we have derived above as the probability mass 
function associated with the current development of the LPd model in (19)-(22). 
The computed results display the theoretical equivalences noted above, i.e., 
columns (3) and (5) yield the same results as columns (2) and (4), respectively. 

Table 3 displays the associated probability mass functions at selected ages. 
The non-monotonicity in the HPR economy-wide participation rates causes the 
embarrassment of some negative “probabilities” at ages less than 67. Because 
of the placement of these violations, the estimate of the median is not affected. 
Were such a blip in the participation probability violating the MC to occur 
around the estimated median, multiple solutions for the median estimating 
equation could occur. The pmf derivation to this point is useful theoretically, 
providing an alternative derivation, and practically, demonstrating weak-
nesses in the model that had gone unnoticed. We note that our column (1) 
heading in Table 3 could alternatively been labeled “Years until Final Separa-
tion,” and “Years of Activity” could have been in the title of Table 2 rather than 
“Years to Final Separation.” 
                                                           
11The choice of timing of the transition―here the end of the period transition (EPT)―makes this 
exactly one year. With a mid-period model, it would be ½ year, and with a beginning of period 
model it would be zero. This choice of timing matches up empirically best with the HPR model, but 
is quite inconsequential.  
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Table 2 
Comparison of HPR Median Years to Final Separation for Men and Median of 

Years to Final Separation Calculated with Estimates from the "pmf" Generated  
by the LPd Model with End of Period Transitions 

           
Age 

 
 

HPR'  Media
for Al

HPR’s YF
Diplom

 

dian LP
High Schoo

Diploma 

s YFS Total * 
 

n LPd Model 
l Men 
 

S High School 
a** 

Me d Model 
l 

(1) (2) (3) (4) (5) 
18  46.1 45.3 45.3 
19  44.1 43.6 43.6 
20 42.7 42.1 42.1  
21  41.3 40.9 40.9 
22  40.0 39.8 39.8 
23  38.8 38.7 38.7 
24  37.7 37.8 37.8 
25 36.7 36.7 36.7 36.7  
26 35.6 35.6 35.7 35.7  
27 34.6 34.6 34.7 34.7  
28 33.6 33.6 33.7 33.7  
29 32.6 32.6 32.7 32.7 
30 31.6 31.6 31.7 31.7  
31 30.6 30.6 30.7 30.7 
32 29.6 29.6 29.8 29.8  
33 2 28.6 28.8 28.8 8.6 
34 2 27.6 27.8 27.8 7.6 
35 2 26.6 26.8 26.8 6.6 
36 25.7 25.7 25.8 25.8 
37 2 24.7 24.8 24.8 4.7 
38 2 23.7 23.8 23.8 3.7 
39 22.7 22.7 22.8 22.8 
40 2 21.7 21.9 21.9 1.7 
41 20.7 20.7 20.9 20.9 
42 1 19.8 20.0 20.0 9.8 
43 1 18.8 19.0 19.0 8.8 
44 1 17.8 18.0 18.0 7.8 
45 1 16.8 17.1 17.1 6.8 
46 15.9 15.9 16.2 16.2 
47 1 14.9 15.2 15.2 4.9 
48 1 13.9 14.3 14.3 3.9 
49 1 13.0 13.3 13.3 3.0 
50 1 12.1 12.4 12.4 2.1 
51 11.1 11.1 11.5 11.5 
52 1 10.3 10.6 10.6 0.3 
53 9 9.4 9.7 9.7 .4 
54 8 8.6 8.7 8.7 .6 
55 7 7.8 8.0 8.0 .8 
56 7.1 7.1 7.0 7.0 
57 6 6.5 6.3 6.3 .5 
58 5 5.8 5.6 5.6 .8 
59 5 5.1 4.8 4.8 .1 
60 4 4.4 4.2 4.2 .4 
61 3.6 3.6 3.6 3.6 
62 4 4.2 4.2 4.2 .2 
63 4 4.1 5.1 5.1 .1 
64 3 3.8 5.0 5.0 .8 
65 4 4.7 5.5 5.5 .7 
66 4.3 4.3 4.8 4.8 
67 5 5.0 5.3 5.3 .0 
68 5 5.0 4.2 4.2 .0 

   

umn 2 is from H ndix A, Table 3, J of Forensic Economics, 2) and computed wit
lumn 4 is from ppendix A, Table nal of Forensic Econom 01, 14 (3), and compute
  

  

*Col
**Co

PR, Appe
 HPR, A

ournal 
3, Jour

 1997, 10 (
ics, 20

h (18). 
d with 

(18).
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Table 3 
Probability  Functions" for M ith a High School Diploma at Various Age

rated by LPd M ith End of Period sitions 
Using the Participation Rate

  
Yea  Activity  20 Age 30 e 40 Age 50 ge 60 Age 67 8 

"  Mass
Gene

en w
odel w

s 
 Tran

HPR s* 

rs of Age Ag A Age 6
(1) (2) (3) (4) (5) (6) (7) (8) 
0 0 0 0 0 0 0 0 
1 -0.03873 -0.00277 0.01267 0.06013 -0.01882 901 0.02104 0.1
2 -0.02559 0.01015 0.02666 17389 0.19368 9225 0.00502 0. 0.0
3 -0.01842 0.00378 0.01668 0.13226 0.09398 0.00308 0.12527 
4 0.01215 -0.00041 0.00472 11046 0.12763 5991 0.00758 0. 0.0
5 -0.01605 0.00288 0.04653 09482 0.06104 6143 0.00569 0. 0.1
6 -0.00669 0.00829 0.00459 02554 0.16447 7103 0.01762 0. 0.3
7 -0.00201 -0.0033 00936 0.0436 0.08473 0.37801  0.
8 0.00384 0.0032 0.0501 -0.00599   0.00541 
9 -0.00429 .000171 00048 0.03815 06162   0. 0.
10 0.01207 0.00352 0.05611 0.0299   0.02266 
11 -0.003 0.02051 01143 0.0421 0.04061   0.
12 0.011 0.00489 0.12176 0.01942   0.02405 
13 0.0041 0.003 0.09261 0.05233   0.01504 
14 -0.0004 0.00739 00425 0.07734 12027   0. 0.
15 0.00312 0.00554 0.06639    0.04198 
16 0.00898 0.01717 0.01788    0.00414 
17 -0.00358 0.00912 0.05933    0.03933 
18 0.00346 0.00528 -0.00419    0.04519 
19 1.92E-04 .000468 0.04315    0.03442 
20 0.00382 0.02208 0.02094    0.05062 
21 0.02222 0.02843  0.01114 0.03798   
22 0.0053 0.02344 0.10983 0.0136    
23 0.00325 0.01466 0.08354 0.03664    
24 0.008 0.00415 0.06977 0.08421    
25 0.00601 0.0409 0.05989     
26 0.01861 0.00403 0.01613     
27 0.00989 0.03833 0.05352     
28 0.00572 0.04404 -0.00378     
29 .000051 0.03354 0.03892     
30 0.02393 0.04932 0.01889     
31 0.01207 0.03701 0.02565     
32 0.0254 0.10703 0.01227     
33 0.01589 0.08141 0.03305     
34 0.00449 0.06799 0.07596     
35 0.04433 0.05836      
36 0.00437 0.01572      
37 0.04153 0.05215      
38 0.04773 -0.00368      
39 0.03634 0.03793      
40 0.05345 0.0184      
41 0.04011 0.02499      

 
(Continued) 
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Tabl ued) 
"Proba ed by 

LPd Model ion Rates* 
  

Age 20 
(5

Age 60 
(6) 

Age 67 Age 68 

e 3 (contin
bility Mass Functions" for Men with a High School Diploma at Various Ages Generat

 with End of Period Transitions Using the HPR Participat
Years of Activity 

(1) (2) 
Age 30 Age 40 Age 50 

(3) (4) ) (7) (8) 
42 0.11599 5    0.0119   
43 0.08822 0.03221      
44 0.07368 0.07402      
45      0.06325  
46 0.01703       
47 0.05652       
48   -0.00399     
49 411     0.0   
50 0.01994       
51 709       0.02
52 0.01295       
53 349       0.0
54 022     0.08   

Total 1 1 1 1 1 1 1 
 

*Partic tion Rates R, App able 1, f Fore mics, 2 ).  
 
 
 

T le 3 sh ire funct  sele ges fr ich t
dians in colum able 2 were computed. For example, the median is 4.2 
for 68-year-old males in Table 2, colu . The olum
corresponding pmf from the LPd model with end of period ons. Count-
ing p abilit “left t,” th mula ss is  at 4 years; 
and interpolation  4.2 = 4.0 + [(.5 – .46753)/.16141]. Again, we are using 
end- eriod transitions. idpo nsiti n us ab ity 
mass distributed uniform  one nterv  we h ne in o er 
work C, 2003 er  me uld ears as well.  
 
D. N he Smith and edia  Op ulations
 

F ca an ger  usin 9-80 ilities, esti-
mated the mean age at final separat  the force an o final 
sepa on. Thei approac inno  star ive at a particular age, 
they calculate the Markov model) the probability of being active at some 
futur ge (th  n), a y mu  that probability by probab y 
of staying inactive thereafter. The foregoing pro f probabilities gave the 
prob ting n, wh s mu  by n an
all ages to yiel he expected value of age at final separation. Frasca and 
Wing compa eir m o un ed S Smith estimates of he 
Nels edian, but they critic elson ian because it did not 
prop  accou emp inact  an l active opulation 
temp tiv o we ally in e.  

ipa  from HP endix A, T Journal o nsic Econo 001, 14 (3

ab ows ent
n (5) of T

mass ions for cted a om wh he me-

mn (5)  last c n in Table 3 is the 
transiti

rob y from 
gives

 to righ e accu ted ma  .46753

of-p  Had m int tra ons bee ed and prob il
ly over -year i als, as ave do th

 (S ), the int polated dian wo be 4.2 y

elson Median and t HPR M ns from en Pop  

ras d Win (1989), g 197 transition probab
ion from  labor d years t

rati r 
d (per 

h was vative: ting act  

e a eir age nd the ltiplied  the ilit
duct o

ability of separa
d t

at age ich wa ltiplied d summed over 

er red th eans t publish hirley  t
on m  also ized N ’s med
erly nt for t orary ives from  initia  p and 
orary ac es wh re initi activ
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F ca an er (19 fer th ing de tions: 
 

ras d Wing 89) of e follow fini

jl = ber ently  worker at base ag  j. 
 

 the num of curr  active s e

jkf  = the number of currentl  workers at base age j who finally 
te fro labor e ( ;

y active
separa m the  force at or befor sic  this needs co

low)
 

rrec-
tion, be  age k. 

jkg  = the ently j who are 
t arily e at 

 

number of curr active workers at base age 
empor  inactiv age k 

jk  h = mber rentl ive wor ers at bas  age j who are 
t ag

 
Letting M  med e at fin separation and N be he Nelson me-

dian  the ining ions are asserted (b  Frasca an  Winger) to be: 
 

(23) 

the nu  of cur y inact k e  
active a e k. 

 be the ian ag al  t
 age, two def  equat y d

1

1
2

k M jk

k j j

f
l

=

= +
=∑  

 
and 
 

(24) 
1 2k j jl= +

( ) 1k N jk jk jkf g h= + −
=∑  

 
We offer here some comment on this loose notation, which generally per-

vades much of this demographic literature and may escape the casual reader. 
It is understood that the terms ,jk jkf g  and jkh  in this equation are counts of 
persons with the stated attributes drawn from a reasonably large sample of 
size jl . The division of these terms by jl , passage to the limit, and the strong 
law of large numbers imply that these are equivalently statements about un-
derlying probabilities. In the first (sampling) interpretation, (23) and (24) im-
plicitly define M and N as estimators. The latter (population) interpretation 
shows that the same equation results from the probability limits of these 
estimators. The argument is that since equation (24) contains two terms 
different from equation (23), the two estimators M and N differ. M clearly 
converges to the population median, and the estimator of the Nelson median 
must therefore be inconsistent. Perhaps because the additional terms 
( )jkg+ and ( )jkh− are of opposite sign, Frasca and Winger asserted that “It is 
unlikely, however, that errors in aggregation will cause the Nelson median to 
significantly depart from the true median.” Empirically we find more than 3 
years of difference for men younger than age 57 and women under age 51 (see 
column (6) in Tables 4 and 5) and can sign the gap with a function of the 
transition probabilities. 
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While the conclusion that t  are unequal in general is cor-
e Frasca and Winger reasoning is unfortunately unclear. First, the 

he two medians
rect, th
defin f ition o jkf m  changed, to read:

 
ust be 12 

jkf  = the number of currently active workers at bas ge j who fina
separate from the labor force ex ctly at age k. 

  
In the Frasca ef f the Nelson median, the defini n of 

e a lly 
a

-Winger d inition o tio jkh  
is puzzling since evious discussion ire  about the currently active 
labor force,

their pr is ent ly
jl , (th re no inactives in ere we jl  by it nition) and there 

can be  such i es, i.e., 
s own defi

 no nactiv jk = 0 fo  all k. This makes the expression 
confus , but, in o  analysis below, technically c rrect. Readers don’t expect 
authors to add te ich are zero, however, and therefore will not be sure of 
their understandi  beyond this point; they may even look for 
other rpretat e of w e offer below, requiring re-writing mo  
definitions. Now, for th articipants to drop to ½ the prev us leve , 
we can ther cou e activ fter N or those who have ecome inactive  
N : the p is bot ull and alf empty. The la  is what (24) correctl  
attemp  Those i e at age N will in  two mutual  exclusive groups: 
those w ave b ermanently inactive (“fina epar ted”) at h
ages N and e who are temporarily inactive at  (i.e. will resume 

 activity later). The first group is k N

h r
ing ur

rms wh
o

ng the development
inte ions, on hich w re

e actives or p
nt thos

io l
at ei e a  b

 cu h half f  h tter in y
ts. nactiv  clude ly
ho h ecome p lly s a any of t e 

j+1, …,
l

thos N
additiona 1k j jkf=

= +∑  and the latter group is 

jNg .Thus the proper equation in th  Frasca-Winger notation defe ining the 
elson median age, for a closed population of N jl  actives and 0 inactives, the 
gea  when ½ of the original actives are inactive, is: 

 

(25) 
1

1
2

k N
jk jN j

k j
f g l

=

= +
+ =∑  

 
Now jNg in the sample [equivalently, plim ( / )

jl
jN jg l

→ ∞
] is generally greater 

than 0, since there will always be people who are temporarily inactive at ages 
j+s from the jl  group, provided a i

j sp +  > 0 for some s > 0 and i a
j s tp + +  > 0 for 

ome t=1,2,…, as is true empirically before the truncation age when is nactivity 
has become an absorbing state. This positive number of people in jNg  

on 
med
establishes the general result that, within the Markov model, the Nels

ian estimator will be less than the consistent median estimator M for large 
jl , for a population which initially started active, since a positive term allows 

                                                           
12Equivalently, the summation could be dropped, and the original definition employed. We shall 
make the first indicated correction, however, assuming that the authors intended their summa-
tions. Both definitions assume that the medians occur at an integer age; this does not happen in 
practice, but simplifies the exposition, so we adopt this expository device. 
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the upper limit in the sum to be reached earlier. The empirical results in the 
Tables 4 and 5 demonstrate this, and we record this as the following theorem. 

 
Nelson Median Underestimation Theorem 

In the Markov model, for ages before inactivity becomes an absorbing state, 
for those starting active in a closed population, the Nelson “median” estimator 
N will in all finite samples and in the limit be less than the consistent estima-
tor M of the population median defined by (23), with the corrected jkf  
definition. 

 
In fact, consider the  

1 2 1 11

,1 2 1
11

, ...
{ }... N

N
j

s s ssa i
Nj j

s s s
l p p p−

−
−+∑ inactives at N. 

 
This group will be equal to 1

k N
k j jkf=
= +∑  precisely when there is no escape from 

inactivity to activity beyond N, i.e. when 1 0i a
N sp − + =  for s = 1,2,….This happens 

identically (i.e. for all ages j at which a Nelson median might be computed) 
when and only when inactivity and death together form an absorbing state, 
hence the 0i a

jp =  all j requirement for consistency. This is the key assumption 
of the conventional model of worklife as discussed above and establishes, with 
a different proof, the result:  

 
Nelson Median Corollary 

In the conventional model of worklife, where only one transition to inactiv-
ity beyond the peak age of labor force participation is allowed, the Nelson me-
dian will consistently estimate the population median. 

 
To be clear, our use of the term Nelson median thus far assumes that one 

starts with a Current Population Survey type sample, fits transition 
probabilities for a Markov model, chooses the desired age j and starts with a 
radix of jl actives and 0 inactives. Using the Markov model to determine the 
number of actives at each subsequent age, one determines the Nelson median 
age N as the first age when the number of actives hits jl /2. The results above 
deal with this usage for “Nelson median.” Since Nelson did not publish his 
transition probabilities, and we have not seen any work that has replicated his 
results, this appears to be a fair interpretation, and is certainly consistent with 
Frasca-Winger. 

We have been assuming a closed population, but one might imagine the ef-
fects of a misdirected application to a set of actives which was not a part of a 
closed population. The first such estimator we consider we call the Smith me-
dian age, following widely cited but unpublished calculations of Shirley Smith 
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(un  earlier theorem. 
r

dated). We may analyze this situation as we did in our
Since the p eviously puzzling jkh  flows are now nonzero, we

W  will trace through the Markov model flows into the a
 need more 

not n. e ctive and 
inactive state

atio
s commencing with a

jl  actives and i
jl  inactives (now both are 

 At any future age older than j, the initial actives will appear 
 the first row and 

no ro).
somewhere in the initial inactives som ere in the second 
row of the following table. 
 
 

tatus at j Active Finally 

n-ze
ewh

at k Temporarily S
Inactive at k 

Separated at k 

Active at j 
jkm  jkg  , 1, ...,j j jkf f+  

Inactive at j 
jkh  jkn  , 1,...,j j jkp p+  

 

e our Nelson median ved by equating the inactives to 
 

 Whil  earlier was deri
½ jl , evidently the equation 1

a s k
s jj jk jk jsl m g f=
= += + + ∑  accounts for the a

jl  for 
ge k>j, and so is an identity. If half are inactive at N, the Nelson median, 

e previous equation for the Nelson median (25), 1.5 a s N
s jj jN jsl g f=
= += + ∑ , may be 

acted from the ident

any a
th
subtr ity to conclude that .5 a

j jNl m= , a result we use in 
the

 r 

 next paragraph. This expresses the Nelson median in terms of the actives, 
but does not yield the previous interesting inequality.  

Now the estimating equation fo S, the Smith median age of final labor 
force separation, in the previous notation is .5 a

j jS jSl m h= + , since the two 
terms on the right hand side give the actives at age S. Equating the left hand 
sides, jS jS jNm h m+ =  links the Smith and Nelson medians. Since jkm  is 
monotonically decreasing in k (for k in the relevant range―people transition 
out of activity except at very young ages), and jkh  is positive (before very old 
ages―there are some transitions from inactivity to activity, except again in the 
CVa model), S must exceed N. This inequality holds in finite samples, and 
upon division by the radices, in the probability limit. We thus have a second 
inequality involving the flavors of Nelson-Smith median estimation: 

 
Nelson-Smith Median Inequality 

The Smith median exceeds the Nelson median. The result is intuitive: 
starting from the same number of actives, if there are inactives to flow into 
active status, it takes longer for the actives to drop to ½ their previous level.  

 
We see this result in our columns (4) and (5) of Table 4 and Table 5. 
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Table 4 
Comparison of Skoog-Ciecka YFS Medians for All Men with Nelson, Smith and HPR Medians 

 

Age 
 (1) 

SC Mean 
 (2) 

SC Median 
 (3) 

Nelson 
 (4) 

Smith 
 (5) 

Col. 3 – 4 
 (6) 

Col. 3 – 5 HPR 2001 Col. 4 – 8
 (7)  (8) 

 
 (9)  (10) 

Col. 5 – 8 

16 47.29 48.40 45.00 50.18 3.41 -1.78       
17 6 4 .34 47.41 44.01 48.79 3.41 -1.38       
18 54 .40 46.43 43.02 46.92 3.41 -0.49 46.6 -3.58 0.32 
19 44.46 44.6 -2.57 0.58  45.44 42.03 45.18 3.41 0.26 
20 43.53 44.46 41.04 43.73 3.41 0.73 43.0 -1.96 0.73 
21  42.59 43.47 40.06 42.38 3.41 1.09 41.7 -1.64 0.68
22 41.66 42.49 39.07 40.98 3.41 1.51 40.4 -1.33 0.58 
23 40.73 41.50 38.09 39.63 3.42 1.87 39.1 -1.01 0.53 
24 39.80 40.52 37.11 38.31 3. 2 2.21 38.0 -0.89 0.31 4
25 38.86 39.54 36.12 37.04 3.42 2.50 36.9 -0.78 0.14 
26 37.93 38.56 35.14 35.81 3.42 2.75 35.8 -0.66 0.01 
27 36.99 37.57 34.15 34.64 3.42 2.93 34.8 -0.65 -0.16 
28 36.05 36.59 33.17 33.51 3.42 3.08 33.8 -0.63 -0.29 
29 35.12 35.61 32.18 32.42 3.43 3.19 32.8 -0.62 -0.38 
30 34.18 34.63 31.20 31.37 3.43 3.26 31.8 -0.60 -0.43 
31 33.25 33.65 30.22 30.35 3.43 3.30 30.8 -0.58 -0.45 
32 32.33 32.67 29.24 29.34 3.43 3.33 29.8 -0.56 -0.46 
33 31.40 31.70 28.26 28.36 3.43 3.34 28.8 -0.54 -0.44 
34 30.48 30.72 27.29 27.38 3.44 3.34 27.8 -0.51 -0.42 
35 29.56 29.75 26.31 26.41 3.44 3.34 26.8 -0.49 -0.39 
36 28.64 28.77 25.34 25.44 3.44 3.33 25.9 -0.56 -0.46 
37 27.72 27.80 24.36 24.47 3.44 3.33 24.9 -0.54 -0.43 
38 26.81 26.83 23.39 23.51 3.44 3.32 23.9 -0.51 -0.39 
39 25.89 25.86 22.42 22.55 3.45 22.9 -0.48 -0.35 3.31 
40 24.98 24.90 21.45 21.60 3.45 3.30 21.9 -0.45 -0.30 
41 24.07 23.93 20.48 20.67 3.45 3.26 20.9 -0.42 -0.23 
42 23.17 22.97 19.52 19.73 3.45 3.24 20.0 -0.48 -0.27 
43 22.26 22.01 18.56 18.80 3.45 3.21 19.0 -0.44 -0.20 
44 21.36 21.05 17.60 17.86 3.45 3.19 18.0 -0.40 -0.14 
45 20.47 20.10 16.65 16.93 3.45 3.17 17.1 -0.45 -0.17 
46 19.57 19.14 15.70 16.00 3.44 3.14 16.1 -0.40 -0.10 
47 18.68 18.19 14.76 15.09 3.44 3.10 15.2 -0.44 -0.11 
48 17.80 17.25 13.82 14.19 3.43 3.06 14.3 -0.48 -0.11 
49 16.92 16.31 12.89 13.29 3.42 3.02 13.3 -0.41 -0.01 
50 16.05 15.37 11.97 12.41 3.40 2.96 12.4 -0.43 0.01 
51 15.19 14.44 11.06 11.55 3.38 2.89 11.5 -0.44 0.05 
52 14.34 13.52 10.18 10.70 3.35 2.82 10.6 -0.42 0.10 
53 13.50 12.61 9.31 9.88 3.30 2.73 9.8 -0.49 0.08 
54 12.68 11.71 8.47 9.09 3.24 2.62 8.9 -0.43 0.19 
55 11.88 10.83 7.66 8.34 3.17 2.49 8.1 -0.44 0.24 
56 11.09 9.96 6.88 7.63 3.08 2.33 7.4 -0.52 0.23 
57 10.33 9.12 6.14 6.96 2.97 2.16 6.7 -0.56 0.26 
58 9.59 8.30 5.47 6.40 2.84 1.90 6.1 -0.63 0.30 
59 8.88 7.53 4.85 5.90 2.68 1.63 5.4 -0.55 0.50 
60 8.22 6.80 4.32 5.52 2.47 1.28 4.8 -0.48 0.72 
61 7.60 6.13 3.88 5.25 2.25 0.88 4.0 -0.12 1.25 
62 7.04 5.54 3.54 5.09 2.00 0.45 4.7 -1.16 0.39 
63 6.52 4.99 3.25 5.02 1.75 -0.03 5.2 -1.95 -0.18 
64 6.05 4.54 3.00 4.97 1.54 -0.43 4.9 -1.90 0.07 

 
(Continued)
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Table 4 (continued) 
Comparison of Skoog-Ciecka YFS Medians for All Men with Nelson, Smith and HPR Medians 

 
Age 
 (1) 

SC Mean 
 (2) 

SC Median 
 (3) 

Nelson 
 (4) 

Smith 
 (5) 

Col. 3 – 4 
 (6) 

Col. 3 – 5 
 (7) 

HPR 2001 
 (8) 

Col. 4 – 8 
 (9) 

Col. 5 – 8 
 (10) 

65 5.61 4.11 2.84 4.97 1.27 -0.86 5.2 -2.36 -0.23 
66 5.22 3.76 2.69 4.97 1.07 -1.21 5.4 -2.71 -0.43 
67 4.85 3.47 2.55 4.89 0.91 -1.42 5.2 -2.65 -0.31 
68 4 4.72 0.76 -1.52 4.9 -2.46 -0.18 4.52 3.20 2.4
69 7 4.51 0.62 -1.52 5.0 -2.63 4.22 2.99 2.3 -0.49 
70 3.94 2.82 2.30 4.26 0.52 -2.40 -0.44 -1.44 4.7 
71 3.67 2.62 2.19 4.03 0.43     -1.41   
72 3.40 2.41 2.02 3.70 0.40 -1.29       
73 3.13 2.22 1.90 3.32 0.32 -1.10       
74 2.90 2.11 1.86 2.87 0.25 -0.76       
75 2.66 1.94 1.76 2.49 0.19 -0.55       

 

Columns 2, 3, 4, & 5 computed wi  SC transition See SC (2003) for Columns 2 & 3. Column 8 
provided by HPR in private correspondence with SC and calculated by SC using the HPR procedure and using 
pmf’s for the LPd model. Here “median” refers to median years to labor force separation, not age at separation. 
 
 
 

Table 5  
Comparison of Skoog-Ciecka YFS Medians for All Women with Nelson, Smith and HPR Medians 

  

Age SC Mean SC Median Nelson 

th probabilities. 

(1) (2) (3) (4) 
Col. – 5 HPR 2001 

(8)  
Col. 4 – 8 

(9) 
Col. 5 – 8 

(10) 
Smith 

(5) 
 3 – 4 

(6) 
Col. 3 

(7) 
16 46.01 46.53 42.83 48.77 3.70 -2.24       
17 45.03 45.53 41.83 47.03 3.70 -1.50       
18 44.05 44.54 40.84 45.22 3.70 -0.68 45.0 -4.16 0.22 
19 43.08 43.54 39.85 43.53 3.69 0.01 43.3 -3.45 0.23 
20 42.10 42.55 38.85 42.24 3.69 0.31 42.0 -3.15 0.24 
21 41.12 41.55 37.86 41.13 3.69 0.42 40.9 -3.04 0.23 
22 40.14 40.56 36.87 39.95 3.69 0.61 39.6 -2.73 0.35 
23 39.16 39.56 35.87 38.79 3.69 0.77 38.4 -2.53 0.39 
24 38.18 38.57 34.88 37.65 3.68 0.92 37.4 -2.52 0.25 
25 37.21 37.57 33.89 36.52 3.68 1.05 36.4 -2.51 0.12 
26 36.23 36.58 32.90 35.40 3.68 1.18 35.3 -2.40 0.10 
27 35.25 35.58 31.90 34.31 3.68 1.27 34.4 -2.50 -0.09 
28 34.28 34.59 30.91 33.25 3.68 1.34 33.3 -2.39 -0.05  
29 33.30 33.60 29.92 32.21 3.67 1.39 32.4 -2.48 -0.19 
30 32.33 32.60 28.93 31.19 3.67 1.41 31.5 -2.57 -0.31 
31 31.36 31.61 27.94 30.16 3.67 1.45 30.5 -2.56 -0.34 
32 30.39 30.62 26.96 29.13 3.66 1.49 29.5 -2.54 -0.37 
33 29.42 29.63 25.97 28.12 3.66 1.51 28.5 -2.53 -0.38 
34 28.45 28.64 24.98 27.13 3.65 1.51 27.5 -2.52 -0.37 
35 27.49 27.65 24.00 26.14 3.65 1.51 26.6 -2.60 -0.46 
36 26.53 26.66 23.01 25.12 3.64 1.54 25.5 -2.49 -0.38 
37 25.57 25.67 22.03 24.1 3.64 1.57 24.5 -2.47 -0.40 0 
38 24.61 24.68 21.05 23.07 3.63 1.61 23.5 -2.45 -0.43 
39 23.66 23.70 20.08 22.05 3.62 1.65 22.4 -2.32 -0.35 
40 22.71 22.72 19.11 21.04 3.61 1.68 21.4 -2.29 -0.36 
41 21.77 21.73 18.14 20.04 3.59 1.69 20.3 -2.16 -0.26 
42 20.83 20.75 17.18 19.03 3.57 1.72 19.3 -2.12 -0.27 
43 19.90 19.78 16.23 18.02 3.55 1.76 18.3 -2.07 -0.28 
44 18.98 18.80 15.28 17.02 3.52 1.78 17.3 -2.02 -0.28 
45 18.07 17.83 14.35 16. 3.48 1.78 16.3 -1.95 -0.25 05 

 

 (Continued) 
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Table 5 (continued) 
Comparison of Skoog-Ciecka YFS Medians for All Women with Nelson, Smith and HPR Medians 

  

Age 
(1) 

SC Mean 
(2) 

SC Median 
(3) 

Nelson Smith Col. 3 – 4 Col. 3 – 5 HPR 2001 Col. 4 – 8 Col. 5 – 8 
(4) (6) (7) (8)  (9) (10) (5) 

46 17.16 16.87 13.44 15.1 3.43 1.  15.3 -1.86 -0.20 0 77
47 16.27 15.91 12.54 14.18 3.37 1.  14.3 -1.76 -0.12 73
48 14.96 11.66 3.29 13.4 -1.74 -0.12 15.39  13.28 1.68 
49 14.53 14.01 10.81 12.39 3.20 12.5 -1.69 -0.11 1.62 
50 13.69 13.08 9.99 11.53 3.09 1.55 11.6 -1.61 -0.07 
51 12.17 9.19 .70 2.97 1.47 10.7 -1.51 0.00 12.86 10
52 12. 11.27 8.43 90 2.84 1.37 9.9 -1.47 0.00 05 9.
53 10.38 7.70 9. 5 2.69 1.23 9.0 -1.30 0.15 11.26 1  
54 9.53 7.01 8.  2.52 1.08 8.3 -1.29 0.15 10.50 45  
55 9.77 8.70 6.37 7.79 2.34 0.91 7.6 -1.23 0.19 
56 9.07 7.91 5.76 7.15 2.15 0.76 6.8 -1.04 0.35 
57 8.40 7.15 5.18 6.55 1.97 0.  6.0 -0.82 0.55 60
58 7.75 6.44 4.66 5.99 1.78 0.45 5.5 -0.84 0.49 
5 7.13 5.77 4.18 5.51 1.59 0.26 5.1 -0.92 0.41 9 
60 6.56 5.16 3.76  4.6 -0.84 0.48 5.08 1.40 0.08
61 6.03 4.64 3.41 4.75 1.22 -0.11 4.0 -0.59 0.75 
62 5.57 4.18 3.12 4.48 1.07 -0.30 4.3 -1.18 0.18 
63 5.14 3.79 2.89 4.25 0.90 0.15 -0.46 4.1 -1.21 
64 4.76 3.45 2.70 4.08 0.75 -0.63 3.9 -1.20 0.18 
65 4.42 3.14 2.53 4.01 0.61 -0.87 4.6 -2.07 -0.59 
66 4.10 2.88 2.35 4.11 0.52 -1.23 4.2 -1.85 -0.09 
67 3.82 2.69 2.22 4.33 0.47 -1.64 4.9 -2.68 -0.57 
68 3.58 2.57 2.16 4.43 0.41 -1.86 5.0 -2.84 -0.57 
69 3.37 2.47 2.13 4.34 0.34 -1.87 4.3 -2.17  0.04 
70 3.15 2.35 2.08 4.07 0.27 -2.12 -0.13 -1.72 4.2 
71 2.91 2.17 1.97 3.73 0.21 -1.56     
72 2.67 1.96 1.83 3.36 0.13 -1.4     
73 43 1.80 1.69 2.98 0.11 -1.18   2.   
74 2.20 1.68 1.59 2.60 0.09 -0.92     
75 1.99 1.53 1.47 2.19 0.06 -0.66     

 

Columns 2, 3, 4, and 5 computed with SC transition probabilities. See SC (2003) for Columns 2 and 3. Column 8 
calculated by SC using the HPR procedure and using pmf’s for the LPd model. Here “median” refers to median 
years to labor force separation, not age at separation. 
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Table 6 
Comparison of SC and HPR Median Years to Final Separation 

 

  All Men  nAll Wome  
Age 
(1) 

R 
(3) 

Co
(4) (6) 

SC 
(2) 

HP l. 2 –3 SC 
(5) 

HPR Col.5 – 6 
(7) 

18 6.6 -0. -0.5 46.4 4 2 44.5 45.0 
19 0. 3.3  45.4 44.6 8 43.5 4 0.2 
20 1. 2.0  44.5 43.0 5 42.6 4 0.6 
21 1. 0.9  43.5 41.7 8 41.6 4 0.7 
22 2. 9.6  42.5 40.4 1 40.6 3 1.0 
23 2. 8.4  41.5 39.1 4 39.6 3 1.2 
24 2. 37.4 1.2  40.5 38.0 5 38.6 
25 2. 36.4 1.2  39.5 36.9 6 37.6 
26 2. 35.3 1.3  38.6 35.8 8 36.6 
27 2. 34.4 1.2  37.6 34.8 8 35.6 
28 2. 33.3 1.3  36.6 33.8 8 34.6 
29 2. 32.4 1.2  35.6 32.8 8 33.6 
30 34.6 31.8 2.8 32.6 31.5 1.1 
31 33.7 30.8 2.9 31.6 30.5 1.1 
32 32.7 29.8 2.9 30.6 29.5 1.1 
33 31.7 28.8 2.9 29.6 28.5 1.1 
34 30.7 27.8 2.9 28.6 27.5 1.1 
35 29.8 26.8 27.7 26.6 1.1 3.0 
36 28.8 25.9 2.9 26.7 25.5 1.2 
37 27.8 24.9 2.9 25.7 24.5 1.2 
38 26.8 23.9 2.9 24.7 23.5 1.2 
39 25.9 22.9 3.0 423.7 22.  1.3 
4 3. 21.4 1.3 0 24.9 21.9 0 22.7 
4 3. 20.3 1.4 1 23.9 20.9 0 21.7 
4 3. 9.3 1.5 2 23.0 20.0 0 20.8 1
4 3. 8.3 1.5 3 22.0 19.0 0 19.8 1
4 3.1 7.3 1.5 4 21.1 18.0 18.8 1
4 3.0 6.3 1.5 5 20.1 17.1 17.8 1
4 3.0 5.3 1.6 6 19.1 16.1 16.9 1
4 3.0 4.3 1.6 7 18.2 15.2 15.9 1
4 3.0 3.4 1.6 8 17.3 14.3 15.0 1
4 3.0 2.5 1.5 9 16.3 13.3 14.0 1
5 3.0 1.6 1.5 0 15.4 12.4 13.1 1
5 2.9 0.7 1.5 1 14.4 11.5 12.2 1
5 2.9 .9 1.4 2 13.5 10.6 11.3 9
5 2.8 .0 1.4 3 12.6 9.8 10.4 9
5 2.8 .3 1.2 4 11.7 8.9 9.5 8
5 2.7 .6 1.1 5 10.8 8.1 8.7 7
5 2.6 .8 1.1 6 10.0 7.4 7.9 6
5 2. .0 1.2 7 9.1 6.7 4 7.2 6
5 2. .5 0.9 8 8.3 6.1 2 6.4 5
5 2. .1 0.7 9 7.5 5.4 1 5.8 5
6 2. .6 0.6 0 6.8 4.8 0 5.2 4
6 2. .0 0.6 1 6.1 4.0 1 4.6 4
6 .7 0. -0.1 2 5.5 4 8 4.2 4.3 
6 -0. -0.3 3 5.0 5.2 2 3.8 4.1 
6 -0. -0.4 4 4.5 4.9 4 3.5 3.9 
6 -1. -1.5 5 4.1 5.2 1 3.1 4.6 
6 -1. -1.3 6 3.8 5.4 6 2.9 4.2 
6 -1. -2.2 7 3.5 5.2 7 2.7 4.9 
6 -1. -2.4 8 3.2 4.9 7 2.6 5.0 
6 -2. -1.8 9 3.0 5.0 0 2.5 4.3 
7 -1. -2.0 0 2.8 4.7 9 2.4 4.2 

 

S  Columns 2 and 3; ble 5 lumns 5 and 6. 
 

ee Table 4 for see Ta  for Co
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Indeed, our econometric vie stimates is that, since the CV
odel they implicitly estimate is nested within the general Markov model,

w of the HPR e a 
 

p p atio ror H n e  
t t t iffe  ou res d es tes, data inconsisten
the C ode e ta belo abor upon  ma oin t th f-
f nc etwe C’s esult d H  are eore l an ot 
sampl ssue e t etic equa s we  pr  do  est h 
an ine ty e  wa d th on-re  is b  out in Tabl

 In Table lum 2) a ), w eport  all educat ate es 
combi r  (fo eren y) and then  cons nt estimate e 
t  m years to fi epa n for men (Se able r al
t  r hrou he M ov m l the lson Smit pe ian u-
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theore peak , i.e. mns (3)-(4), ch sh f ore n 
t e s un ges e 50 ur th y est hing at the Smith esti-
m or  exc the on e ator is appar  since colum ) ex s 
colum Co  (8) he H calcu  of . Ba  on a snapsh t of 
the ov l U.S onom t a p t in t , 199 99, we would ect that 
t HP olum ) wo mimic the S 5 althou t 

ase  1997-1998 . Th  inde he c they usually are within a 

In Table 6 we present a direct comparison between SC medians for years to 
nal separation and the YFS from HPR for all men and all women.13 Several 

fact

y

m
they really rovide s ecific n er  tests― ausma  (1978). To th  extent
ha hey d r from r un tricte tima the  are t with 

Va m l. Th bles w el ate  our in p t, tha e di
ere es b en S  empirical r s an PR’s  th tica d n

ing i s. Th heor al in litie  have oved  not ablis
quali ither y, an is n sult orne e 6. 

4, co ns ( nd (3 e r , for ion c gori
ned, ou mean r ref ce onl  our iste  of th

rue edian nal s ratio e T 5 fo l women.). We 
hen un t gh t ark ode  Ne and h ty med calc
ati . Th tima in co n (4 s th  we ibut to N n an
eg  with opulat 000 ves ; it ulates 

s an us t  calc ion orkl ith
he arkov model, ith p d ou quir e-se g th dix 

ge, to ce a nactiv ave come fr pop
ati  We n pe med ed alcu ns, a in w in th

v m , in n ( t is mn ur c ten edia lcul
ion ess els ure rad x ca tion ich first u dere atio

m s s to , colu  whi ow a di ference of m  tha
hre year til a in th s. O eor ablis  th
at  will eed Nels stim ent, n (5 ceed

n (4). lumn  is t PR lation  YFS sed o
eral . ec y a oin ime 8-19  exp

he R c n (8 uld mith median in column ( ) gh i
is b d on data is is ed t ase―
half of a year of each other. Thus, our differences with HPR are not “in the 
data” but “in the methodology,” as we have maintained. 

fi
ors are important to understand this comparison. (1) There is a year of dif-

ference in the data, and it is not obvious how the years to final separation 
would be affected by whatever data differences ma  arise. (2) HPR ignore tran-
sition probabilities and use only population participation probabilities, while 
we do not estimate population participation rates directly because there is no 
need. (3) HPR estimates, by the results above, are inconsistent within the 
Markov model, a model sufficiently general that it includes all other worklife 
models as nested special cases. (4) The initial condition of the first inequality 
theorem requires a closed population. This condition is most nearly met for 
men between ages 25–55 when participation rates are approximately 90% and 
higher. The population is not completely closed and, using the terminology 
                                                           
13HPR do not present YFS for all men and all women in their most current paper, but rather for 
various educational groups. The YFS in Table 6 were supplied by HPR for men and were 
substantially replicated by SC; YFS for women were calculated by SC using the HPR procedure 
and using pmf’s for the LPd model. 
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above for exposition, the term jkh (the number of currently inactive workers at 
base age j who are active at age k) plays a role in increasing the HPR median. 
At older ages (63 and beyond) when the inactive population is large and its 
contribution to future activity is inappropriately attributed to those who where 
initially active, the HPR estimator then overestimates the true median. In fact, 
the effect is so strong at later ages as to cause the HPR median to increase af-
ter it reaches a minimum at age 61 for men and age 64 for women. (5) For the 
Markov model, there is a well defined probability mass function for years of 
future activity. Recursions for this are presented in SC (2003), and an expres-
sion for them is implicit in Frasca and Winger. The SC estimates are consis-
tent for the median of this probability mass function. With no such probability 
mass function or probability model defined by HPR, further comment on the 
properties of their estimator is difficult―what is it supposed to be estimating? 
We know it is inconsistent for the general Markov model; is there another 
model other than CVa for which their estimator is appropriate?  

We illustrate two probability mass functions in Figure 2 for 40-year-old ini-
tially ctive men: the SC pmf for YFS which generates a median of 24.9 years 
as shown in Table 6 and the LPd pmf (which does double duty by serving as 
the pmf for both years of activity and years until final separation) with a me-
dian of 21.9 years―exactly the same as HPR’s median. The upper panel of Fig-
ure 2 shows a final probability spike representing the combined probability for 
YFS at ages 75 and above, since participation rate data end at age 75. This 
spike does not affect the median. The median is the same in the lower panel 
where the pmf was generated by letting the final observed participation rate 
decline by 10% in each year for 15 ad

a

ditional years.   

hows the LPd pmf function producing an underestimate of years to final 
tion because too much probability is “stacked” on small years until final 

separation. 
 
 

Of course, HPR do not use a pmf in their calculations, but Figure 2 shows 
the saw-tooth type pmf that provides the only known underlying probability 
foundation for their estimator. The jagged appearance of the LPd pmf, while 
troublesome, is less of a problem than the once-out, always-out nature of the 
conventional model, since this assumption leads to overestimating the prob-
ability of early final withdrawals and underestimating the probability of later 
final exits. This tendency may be observed in this figure. Assuming fulfillment 
of the monotonicity condition, the hallmarks of the conventional model at post-
peak ages are (1) all activity at a future age is supplied by those active at the 
current age and (2) inactivity is an absorbing state which, for model purposes, 
is exactly like the death state. These assumptions are not generally true, but 
they affect median years to final separation in opposite directions. We argue 
below that the first assumption leads to overestimates and the second to 
underestimates. The net effect is an underestimate of the median for most ages 
before approximately age 62 (except for very young ages) and an overestimate 
for ages beyond 62. Figure 2, and similarly in Figure 3 but for women age 50, 
s
separa
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Figure 2 
Probability Mass Functions for Initially Active Men Age 40: YFS Calculated with SC Recursions 

and Transition Probabilities, LPd Model Calculated with HPR 1998-99 Participation Rates 
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PMF for YFS with SC Markov Model Recursions and LPd Model for 
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Women Age 50 with Smoothing After Age 75
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Figure 3 
Probability Mass Functions for Initially Active Women Age 50: YFS Calculated with SC Recursions 

and Transition Probabilities, LPd Model Calculated with HPR 1998-99 Participation Rates 
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We illustrate the argument in the previous paragraph by considering tran-
sition probabilities at a few specific ages. The conventional model starting ac-
tive, and therefore HPR’s work on medians, implicitly (via 28 below) acts as if 
it overestimates a a

xp and underestimates i a
xp ―the former problem contributing 

to overestimated medians and the latter to underestimates. For middle-age 
men, the impact of overestimated a a

xp  is at its smallest since most males are 
active and remain active for several years. In this age group, 
underestimated i a

xp  is the main problem that causes HPR medians to be too 
small. For example, for males age 40, SC use 40 .975a ap = ; and HPR report 

40 .928pp = and 41 .922pp =  (HPR, 2001). The mortality adjusted ratio of 
participation rates (i.e., the active-to-active transition probability that is 
implicit in the conventional model at post-peak participation ages and in 
HPR’s work) is thus 41 40 41 40( / )( / )L L pp pp = (.997)(.922/.928) = .991, 
using 41 40( / ) .997L L = as HPR do. Indeed, this implicit active-to-active 
transition probability is too high, but it cannot be too high by very much be-
caus a ae 40 .975p =  itself is so close to one. The main problem with the conven-
tional model and HPR is not overestimated 40

a ap  but rather underestimated 
40

i ap . The once-out-always-out nature of the conventional model, implicit in 
HPR’s work, assumes that 40 0i ap = , but SC using the increment-decrement 
model have 40 .243i ap = . This latter non-zero transition probability, and its 
feedback to activity through the main SC recursions which define the pmf, re-
sult in more years until final labor force separation as illustrated in Figure 2. 

his type of underestimate of the implicit inactive-to-active transition 
probabilities simply dominates empirically the small overestimates of active-
to-active transition probabilities. At later ages the relative importance of the 
conventional model and HPR errors reverse. Take a

T

ge 67 as an example. SC 
use 67 .759a ap = . HPR have 67 .275pp = , 68 .255pp = , and a survival probability 
of 68 67( / ) .975L L = ; the implicit active-to-active transition probability is 

68 67 68 67( / )( / )L L pp pp = (.975)(.255/.275) = .904. The conventional model start-
ing active and the implicit HPR inactive-to-active transition probability once 
again is zero, but that is not too far from 65 .052i ap =  used by SC. Here, the con-
ventional model and the HPR assumption of zero are not too far from the ac-
tual 65

i ap which is positive but close to zero. However, the impact of the CVa’s 
and HPR’s large overestimate of 67

a ap dominates the smaller underestimate of 
67

i ap . This type of problem leads to the HPR estimate of the median years to 
final separation being 1.7 years too large as shown in Table 6. 
 

V. The Full LPd Model: Probabilistic Interpretation of the 
CVa and CVi Models at All Ages 

 
We next describe a treatment of the conventional model which extends the 

LPd approach. The key observation is that the BLS approach to dealing with 
pre-peak ages may be modeled as a special case of the general Markov model, 
with strong restrictions on the transition probabilities. In particular, for any 
pre-peak age x, we define transition probabilities for a Markov process by  
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26) 1a a x
x

L
p (

xL
+= , 0a i

xp =  , 11a d x
x

L
p

xL
+= −  , 

and 

(27) 1 1( )
1

(1 )
i i x x x

x
x x

L pp pp
p

L pp
+ +⎡ ⎤−
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, 1 1( )

(1 )
i a x x x

x
x x

L pp pp
p

L pp
+ + −

=
−

, and 11i d x
x

x

L
p

L
+= − . 

The equations in (26) contain probabilities from the active state and say 
that exits for actives occur only due to death, never to inactivity, in the pre-
peak years. The numerator in the first term in (27) reverses the sign of the la-
bor force separations, 1x xLp Lp +− , which occur in the later years; pre-peak, 
these are net accessions. Motivation for (27) is equation (10)14 in Bulletin 2135. 

Thus we have been able to capture, with a restricted Markov model, the 
BLS treatment of the pre-peak years; based on this description, one might no 
longer wish to call these “fictitious years” as the BLS did. 

At and beyond the peak participation year, we continue with the specifica-
tion of Markov transition probabilities. They follow as in the previously defined 
CVa and CVi models: 
 

 (28) 1 11a a s x x
x x

x x

L pp
p Q

L pp
+ += − = , 1 11a i x x

x
x x

L pp
p

L pp
+ +⎛ ⎞

= −⎜ ⎟
⎝ ⎠

, 11a d x
x

x

L
p

L
+= −   

 

 (29) 1i i x
x

xL
L

p += , i ap 11d xL
0=  , i px

xLx
+= − .  

re 
onsistent with the conventional model starting active for all ages, and it cap-

tures the strong state dependence of that model, even into the pre-peak years. 
Its worklife expectancies replicate those of the conventional model starting ac-
tive, CVa, as shown in Table 7 by comparing columns (2) and (7). Its weighted 
average column (4) agrees with the demographic or actuarial version of the 
conventional model for all ages, shown in columns (5) and (6). Finally, because 
it is representable as a Markov model with restrictions, the machinery of the 
SC papers is available with which to completely analyze medians, modes, vari-
ances, standard errors, and probability intervals for this formalization or ex-
tension of the conventional model. The idea of the conventional model satisfy-
ing the Markov property for years before age peakx  is new, as are non-zero 
worklife expectancies when commencing inactive for the pre-peak years―an 
extension of the conventional model to CVi, which the BLS did not treat theo-
retically or estimate. Probability mass functions for the conventional models 
(CVa, CVi) are new. Tables 7 and 8 are interpreted on page 83 and 84. 

                                                          

We call this extended model the full LPd model.15 Its probabilities a
c

 
14For reasons not understood by us, deaths are added back in by the BLS, a practice not followed 
here. At these early ages, in any event, this difference is inconsequential. 
15These equations were chosen for consistency with both Bulletin 2135 and HPR. The specification 
in the usual Markov model contains terms which are close but not identical. For example, a d

xp  and 
i d

xp  appear here as 1( ) /x x xL L L+− , whereas the probability of death at exact age x is 1( ) /x x xl l l+− . 
We will not hesitate to use this exact age modification in our future work involving the LPd model. 
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Table 7 
Comparison of Richards's Worklife Expectancies for Men with a High School Diploma with SC Mean Years of 

 

e 
 
 
 
 

(1) 

SC Mean (WLE) 
for Initial Actives 

LPd Model 
 
 

(2) 

SC Mean (WLE) 
for Initial 
Inactives 

LPd Model 
 

(3) 

Weighted 
Average 

for Initial 
Actives 

and Inactives 
(4) 

WLE 
Demography 

Model 
 
 

(5) 

WLE 
Richards* 

 
 
 

(6) 

WLE for 
Initial 
Actives 

BLS Method 
 

(7) 

Activity Calculated with pmf Generated by theFull LPd Model with End of Period Transitions 
      

Ag

18 42.5 31.8 39.1 39.1 39.1 42.4 
19 41.5 28.0 38.4 38.4 38.5 41.5 
20 40.6 25.0 37.7 37.7 37.8 40.6 
21 39.6 20.2 37.0 36.9 37.0 39.6 
22 38.7 14.5 36.2 36.1 36.2 38.7 
23 37.8 11.0 35.3 35.3 35.4 37.7 
24 36.8 7.5 34.5 34.4 34.5 36.8 
25 35.9 4.0 33.6 33.6 33.6 35.8 
26 34.9 2.4 32.7 32.7 32.8 34.9 
27 34.0 0.0 31.8 31.8 31.9 34.0 
28 33.1 0.0 30.9 30.9 31.0 33.0 
29 32.1 0.0 30.1 30.0 30.1 32.1 
30 31.3 0.0 29.2 29.2 29.2 31.3 
31 30.4 0.0 28.3 28.3 28.3 30.3 
32 29.5 0.0 27.4 27.4 27.5 29.5 
33 28.6 0.0 26.5 26.5 26.6 28.5 
34 27.7 0.0 25.7 25.6 25.7 27.7 
35 26.8 0.0 24.8 24.8 24.8 26.8 
36 25.9 0.0 23.9 23.9 24.0 25.9 
37 25.0 0.0 23.0 23.1 25.0 23.1 
38 24.1 0.0 22.2 22.2 22.3 24.0 
39 23.2 0.0 21.3 21.3 21.4 23.1 
40 22.3 0.0 20.5 20.4 20.5 22.3 
41 21.4 0.0 19.6 19.6 19.7 21.4 
42 20.6 0.0 18.8 18.7 18.8 20.6 
43 19.8 0.0 17.9 17.9 18.0 19.7 
44 19.0 0.0 17.1 17.0 17.2 19.0 
45 18.2 0.0 16.2 16.2 16.3 18.1 
46 17.3 0.0 15.4 15.4 15.5 17.3 
47 16.4 0.0 14.6 14.6 14.7 16.4 
48 15.6 0.0 13.8 13.7 13.9 15.6 
49 14.7 0.0 12.9 12.9 13.0 14.7 
50 13.9 0.0 12.1 12.1 12.2 13.9 
51 13.1 0.0 11.3 11.3 11.4 13.0 
52 12.3 0.0 10.5 10.5 10.6 12.3 
53 11.5 0.0 9.7 9.7 9.8 11.5 
54 10.8 0.0 9.0 8.9 9.1 10.7 
55 10.0 0.0 8.2 8.2 8.3 10.0 
56 9.4 0.0 7.5 7.4 7.5 9.3 
57 8.7 0.0 6.7 6.7 6.8 8.6 
58 8.1 0.0 6.0 6.0 6.1 8.0 
59 7.4 0.0 5.3 5.3 5.4 7.4 
60 7.0 0.0 4.7 4.7 4.8 7.0 
61 6.7 0.0 4.1 4.1 4.2 6.7 
62 6.6 0.0 3.5 3.5 3.6 6.6 
63 6.7 0.0 3.1 3.0 3.1 6.7 
64 6.9 0.0 2.7 2.6 2.7 6.9 
65 7.0 0.0 2.3 2.3 2.4 7.0 
66 7.1 0.0 2.0 2.0 2.1 7.1 
67 7.0 0.0 1.8 1.8 1.9 7.0 
68 6.7 0.0 1.6 1.6 1.7 6.7 
69 6.6 0.0 1.4 1.4 1.5 6.6 

 
(Continued) 
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Table 7 (continued) 
Comparison of Richards's Worklife Expectancies for Men with a High School Diploma with SC Mean Years of 

Activity Calculated with pmf Generated by theFull LPd Model with End of Period Transitions 
 

Age 
 
 
 
 

(1) 

SC Mean (WLE) 
for Initial Actives 

LPd Model 
 
 

(2) 

SC Mean (WLE) 
for Initial 
Inactives 

LPd Mod l 
 

(3) 

Wei ted 
Average 

for Initial 
Actives 

and Inactives 
(4) 

WLE 
Demography 

Model 
 
 

(5) 

WLE 
Richards* 

 
 
 

(6) 

WLE for 
Initial 
Actives 

BLS Method 
 

e

(7) 

gh

70 6.4 0.0 1.2 1.2 1.3 6.3 
71 6.1 0.0 1.1 1.1 1.1 6.1 
72 5.9 0.0 0.9 0.9 1.0 5.9 
73 5.6 0.0 0.8 0.8 0.9 5.6 

 

*Richards and Abele, Life and Worklife Expectancies, Lawyers and Judges Publishing Co., 1999, Table 6. Col-
umns 2, 3, 5, and 7 calculated with Richards’ participatio
 
 
 

f for the full LPd model with end-of-period transitions is given by 
(30a) – (30f): 
 

 

n rates. 

The pm

Probability Mass Function for the LPd Model for Both Years of Activity and Years until 
Final Labor Force Separation with End-of-Period Transitions 

  
(30a)      ( ), ,0; =1Y FSp TA a LPd ( )and , ,0; =1YFSp TA i LPd  

(30b)      ( ), ,0; 0,YFSp x a LPd =  x ≤  TA-1, 

(30c)      ( ), ,1; ,s
Y FS xp x a LPd Q=  x ≤  TA-1, 

(30d)      ( ), ,0; ( 1, ,0; )i i i d
x Y FSp x i LPd p p x i LPd p= + + , x Y FS x ≤  TA-1, 

(30e)      ( ), , ; ( 1, , 1 )a a
Y FS x Y FSp x a t LPd p p x a t LPd= + − , x < TA and t > 1, ;

(30f)      ( ), , ; ( 1, , ; ) ( 1, , ; )i a i i
Y FS x Y FS x Y FSp x i t LPd p p x a t LPd p p x i t LPd= + + + , 

               x < TA and t ≥  1 
 
 

where (30a) is a global condition, (30b)―(30d) are bounda onditions, and 
(30e) – (30f) are the main ecursions. Since YA and YFS are the same concept 
in this model, the recursions could have been subscripted with YA (years of 
activity random variable) instead. These recursions give, of course, the previ-
us closed 

ry c

a and CVi.  
From hat the 

monotonoc uch mass 
nctions to be well defi ploying “expectancies” 

r “
w

ga-
MC 

esents an additional reason to reject the conventional model starting ac-
nd estimators like HPR’s wh h re predicated on it. 

 r

o form solutions for what we have called CV
the definition of a a

xp  in the post-peak years, it is evident t
ity condition er for s(MC) must be present here also, in ord

ned. As a theoretical matter, emfu
o medians” when it would not be possible to find a probability function of 

hich these “expectancies” were the mathematical expectations or the “medi-
ans” were population medians would be strongly objectionable. We note that 
the MC held in the BLS Bulletin 2135 data and in the Richards data we have 
used for exposition; it is was mildly violated in the HPR examples, and ne

ve probabilities were even reported in Nelson (1983). The failure of ti
repr
tive, a ic  a up
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Table 8 
Probabili  Age 20 nd 40 

ns Usin  Ri
 

ty Mass Func  a e Full LPd Model with End 
of Period Transitio g chards Participation Rates* 

Ye
Ac

tions for Men at Generated by th

ars of 
tivity 
(1) 

Initially Active 
Age 20 

(2) 

Initially Inactive 
Age 20 

(3) 

Initially Active 
Age 40 

(4) 

Initially Inactive 
Age 40 

(5) 
0 0 0.34732 0 1 
1 0.00146 0.00103 0.00661 0 
2 0.00152 0.00106 0.00812 0 
3 0.00155 0.00114 0.00923 0 
4 0.00154 1.19E-03 0.01087 0 
5 0.00152 0.00137 0.00979 0 
6 0.0015 0.00156 0.00872 0 
7 0.00149 0.00198 0.00696 0 
8 0.00264 0.00217 0.00928 0 
9 0.00274 2.34E-03 7.95E-03 0 
10 0.0041 0.00223 0.01094 0 
11 0 0.00261 0.00241 0.01167 
12 0.00447 0.00218 0.01675 0 
13 0.00224 0.00263 0.01684 0 
14 0. 204.23E-03 0.00261 0 51 0 
15 0.00402 0.00265 0.02103 0 
16 0.00402 0.0027 0 0.03033 
17 0.00353 0.00301 0.02925 0 
18 0.00325 0.00358 0.03665 0 
19 3.71E-03 4.31E-03 0.03676 0 
20 0.00489 0.00496 0.05877 0 
21 0.00624 0.00552 0.06725 0 
22 0.00765 0.00585 0.07505 0 
23 0.0087 0.00604 0.07858 0 
24 0.01025 0.00562 0.07192 0 
25 0.00923 0.00544 0.0551 0 
26 0.00822 0.00562 0.04326 0 
27 0.00656 0.00652 0.02983 0 
28 0.00875 0.00713 0.02291 0 
29 7.50E-03 0.00872 0.02611 0 
30 0.01031 0.01012 0.01904 0 
31 0.01101 0.0122 0.01758 0 
32 0.01579 0.0135 0.01635 0 
33 0.01588 0.01591 0.01476 0 
34 0.01934 0.01856 0.01056 0 
35 0.01983 0.02242 0.01133 0 
36 0.0286 0.0253 0.00949 0 
37 0.02758 0.02933 0.01094 0 
38 0.03456 0.03372 0.00971 0 
39 0.03466 0.04016 0.0083 0 
40 0.05542 0.04201 0.00574 0 
41 0.06342 0.04205 0.00563 0 
42 0.07077 0.03924 0.0033 0 
43 0.0741 0.03282 0.00434 0 
44 0.06781 0.02554 0.01588 0 
45 0.05196 0.01983 0 0 

 

(Continued)
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Table  
Probability Mass Functions for Men at Age 20 and 40 Generated by the Full LPd Model with End 

of Period Transitions Using Richards Participation Rates* 

 8 (continued)

 

Yea
Activi

(1) 

y Active
 20 

(2) 

Initia  

(

I  Active ially Inacti
e 40 

(5) 

rs of 
ty 

Initiall
Age

 lly Inactive
Age 20 

3) 

nitially
Age 40 

(4) 

Init ve 
Ag

46 0.04079 0.01521  0 0
47 0.02813 0.01337 0 0 
48 0.02161 0.01263 0 0 
49 0.02462 0.01032 0 0 
50 0.01795 0.00946 0 0 
51 0.01658 0.00857 0 0 
52 0.01541 0.00745 0 0 
53 0.01392 0.0064 0 0 
54 0.00996 0.00619 0 0 
55 0.01068 0.00566 0 0 
56 0.00895 0.00553 0 0 
57 0.01032 0.00501 0 0 
58 0.00915 0.00397 0 0 
59 0.00783 0.0035  0 0
60 0.00541 0.00309 0 0 
61 0.00531 0.00261  0 0
62 0.00311 0.00369  0 0
63 0.00409 0.00372 0 0 
64 0.01498  0 0 0

Total 1 1 1 1 
WLE 0.6 .3 0 4 25 22

 
*Partici on Rates f chards and Abele, Life and W  Expectancies, L  and Judges Pub  Co., 1999. 
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tice eak age of 27 and beyond, i a
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grap a ipe antity ges. Column (6) sh that t
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xe  in lumn ( nd wor  expectan or actives g the  
method. 

le 8 p des the ss func  at ages 2 d 40 for th initially
tive d initia iv the LPd odel. There a e no negati obabili  
in th e func s (i.e. t  are b e mass ), sin e Rich
data t satisfies an Ex ded MC 1x

that at the p  = 0 ual CVi
el. ourt mn com es e• qual the d mo-
hic/actu rial rec  qu at all a ows hese 
ogra
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peak. e ma tica ations o  ma s ar uted

 of t e a  wit espo  7. 
onst
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e 
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’s abi
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pr mo-
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nd part on, g fr t 

) 1 1 1 1( , ) x t x t x t t x t x t
YFS

x x x x x

L pp pp pp pp
x a Va

pp pp L pp
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= = , t>
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 ( , ; ) 0Y FSp x CVa

, ;t C x t+ − xL + x tL +

xL
L

−p
L

 0 

,0a = . 
  
The ected e of ye in separation years of ac ty) is  
 

(33)

 exp  valu ars until f al  (or tivi

 

1 1 1 2 2

2 2 3 1

1 1

1

1 1
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x YFS
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p L pp
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L pp

+ + + + + +
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− + − + +

=

+ +
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− −
+ + −

−
= =

= +

…
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3 (3x+ 1A−

(1)

(A TA

,x a ) TA
+

x

L px x x

x

p

x t+ −a ae
xL p

L p

t
− −

2 2 1 1 ( )x x TA TA TA TA

x x x x x x x x

L pp L pp L pp
TA x

L pp L pp L pp L pp
+ + − −+ + + − −

 

…

1

0

T A x x t x t

t x x

L pp
L pp

− − + +

=
∑=  [ 0T AL = since there are no survivors at age TA] 

 

(33a)  

1

0 ' ( )

T A x
x t x t

t x
x

x x x x

L pp T w
ew WLE CVa

L pp L pp

− −
+ +

=
∑

= = ≅ =  

 
using the notation in (5) and noting that age TA = 111. 
 

In (33a) we observe that ( / )x x xT w L pp  is approximately equal to the demo-
graphic worklife expectancy (5) for initial actives, with the modification that 

x xL pp appears in the denominator rather than x xl pp . Since xL and xl  are typi-
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cally quite close in value,16 we e se agreement (at peak and post 
p  

od
m (31  (33a klife ntire population is  
 

(34) ( ) 1 )(x xp pp• = + −   

xpect very clo
eak participation ages) between worklife expectancy calculated with the LPd

nd the demograph c approach am el a
Fro

i
), wor

a a

s is shown in
 for the e

 Table 7.  
) and

(a
xe )i a

xe =xe p

(1
x
+ )( (x x

x x x x
x x

T w T w
pp ew WLE CVm

L pp L
− ≅

 
in (4) for peak d post-  ages. 
 

VI. The LPi Model 
 

We discuss the LPi model generally before presenting transition 
probabilities f it within the context of mid-period transitions.17 In this model, 
a pe n’s cu labor ce statu hile alive,  no affect on status in the 
next eriod. e mod herefore poses a r riction on  
prob lities the g l Mark model, which is maintained. Most 
succinctly, th Pi mode ecifies: 
 

a a i a e a i i i

eturning to the notation of Section II where age is again denoted by t and the 
tate, a,i, or d at age t is denoted by

0) = )  pp =

 an peak

or 
rso rrent  for s w has
 p
abi

Th
of 

el t
enera

 im
ov 

est  the transition

e L l sp

(35) x xp p=  (and h nce x xp p=  ) for all ages x. 
 
R
s tX , consider the claim that: 
 

2 1 2 1[ , | ] [ , | ]t t t t t tP X X X a P X X X i+ + + +(36) = = = . 

 
, | ] | ]t t t t ta X a X a P a X a X i+ + += = = = = . The term on the left 

e is a a a a  and th erm on the right hand side is 1
a a i a

x xp p+ . We 
sed the Markov pr when we made the substitution 

1 1| , ] ] a a
t t t xa X a X a X a p+ + += = = =  on the left hand 

 the similar substitu n ight hand side. From (35) these are 

two fu-
1 )X+ + events: the Markov property and the 5) imply 

                            

 
To prove this, nine equalities must hold. One of these is 

2[ [ ,tP X X+ = =
hand sid e t

1 2 1

1x xp p+
have u perty o

2, 2[ [ |t tP X P a+ += = =
side, and tio  on the r

1 X

evidently equal.  
Ther distribution to 

ture (X LPi assumption (3
e is no reason to limit the joint 
2,t t

                               
16For example, at age 40, 40 40.999L l= . Even at age 73, the last age shown in Table 7, 73 73.979L l= ; and, 
when worklife is rounded to a tenth of a year, the worklife is the same when calculated with the 
LPd and the demographic approaches.  
17We illustrate the LPi model with mid-period transitions for two reasons: (1) The resulting work-
life expectancies are closest to those produced with the demographic approach. (2) The accompa-
nying tables illustrating the LPi model provide the first set of detailed characteristics (i.e., several 
measures of central tendency, shape, and probability intervals) for this model―tables which are 
more directly comparable to other work by SC (2001a, 2003) that also uses mid-period transitions. 
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that the probability of any ture sample path is independent of the starting 
labor force state: 
 
 (37) 1 2, 1 1 2, 1[ , ,..., | ] [ , ,..., | ],t s t s t t t t s t s t t tP X X X X X a P X X X X X i+ + − + + + + − + +

fu

= = = all s. 
 
The equations (35) are a succinct statement of the LPi model, but the stronger 
statement (37) is useful because it says that any future sample has a probabil-
ity which does not depend on whether one is active or inactive.  

Let a a i a a
x x xp p p= =  and i i a i i

x x xp p p= = express the LPi model’s common re-
strictions. Further, the proof showed that the probability of any sample path is 
computed as the product of transition probabilities (the Markov model) which 
in turn are each independent of the beginning state. For example,  
 
(38) 3 2 1 2 1 3 2 1[ , , | ] [ , , | ]a i a

t t t t x x x t t t tP X a X i X a X a p p p P X a X i X a X i+ + + + + + + += = = = = = = = = =   
 
While this equation presents a useful computing formula, the factorization of 
the joint probabilities suggests statistical independence. The tX  are not 
conditionally independent as random variables, however. For example, 
 

2 1 2 1[ , | ] 0 [ | ] [ | ]t t t t t t tP X a X d X a P X a X a P X d X a+ + + += = = = ≠ = = = =   
 
since each term in the right hand side factorization is non-zero. Nor is there 
unconditional independence, since 
 

1 1[ , ] [ | ] [ ] [ ]a a
t t t t t x tP X a X a P X a X a P X a p P X a+ += = = = = = = =  

 
does not generally equal 1[ ] [ ]t tP X a P X a+ = =  because 1[ ]a a

x tp P X a+≠ =  - the 
former is a transition probability, and the latter unconditional probability de-
pends on the initial conditions of the process. Another counterexample is 

1 1[ , ] 0 [ ] [ ]t t t tP X a X d P X a P X d+ += = = ≠ = = , where the latter two probabilities 
are non-zero (and dependent on initial conditions). 

The i in LPi thus refers to the independence of sample path probabili-
ties with respect to the initial labor force state. Despite the simplified com-
puting formula (38), there are no simple closed form expressions for the YA or 
YFS probability mass functions in this model. In the notation we have been 
using, the transition probabilities in this model are: 
 
(39) 1( / )a a i a

x x x x xp p L L pp+= = , 1( / )(1 )a i i i
x x x x xp p L L pp+= = − ,  

 11 /a d i d
x x x xp p L L+= = −  

  
The LP part of our name will now be related to the LPE model whose dominant 
feature involves expressions such as [ | ]t jP X a living at t+ = . To be active at 
age t+j one must survive an additional j years; and the probability of activity at 
t+j is independent of status at age t+j –1. Applying the conditioning rules of the 
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LPi model, and employing telescopin lations similar to those in the LPd 
m

(

g cancel
odel, the standard LPE result emerges: 

 
40) [ t |j ]P X livin+ a= g at t   

1 ...t j L− 1

1 2

[ |

... [ 1 |

t j

t j t jt
t j t j

t j t t t

P X living at t ving at t j living at t j

L
P livin living a pp pp

L L

+

+ + ++
+ +

+ −

= = + + − + −

+ =

 
To the terms “ “P” on the r nd side of this last equation,  prac-
titi ers multi e probab  employme e equation a en 
gives the contr  between  and t+j orklife expec cy” in 
the E mode ing over he notion klife expectancy” em-
bed d in that l. Consequ he pmf re  for years of activity 
giv elow, an ciated tabu , will provi same statisti for YA 
and FS for th odel as w  provided earlier for the general Markov 
model, once th dropped, s standard worklife expectancy as time in 
the bor force g measured

 be able ide so much  analysis fo LPE model, w ded 
to d elop this machinery―to sto ize or comp , in the same way that 
the previous s tochasticiz convention l. The LPE model as 
for lated and ced heretof en spec  terms of mea y. 

 fact, the bution to w  expectanc n arbitrary es t+j-
1 and t+j is, ex r an incons ial xL  ver distinction in the base 
age  the sam ution to fe expectan n the conven l or 
actuarial/demo c model, de he languag e convention  model 
in  and (5) ing differe e LPi mod ot distinguishing be-
tween those starting active a tive, trea e groups identically, 
wh e del alloca  of the (  ) ppt jL

1] [j P li− 1| 2]

]t t =
j L+ −

a

L L
g at t

L

 

L  ” and ight ha LPE
on ply by th ility of nt. Th s writt

ibution ages t+j-1  to “w tan
LP l. Summ j gives t  of “wor
de  mode ently t cursion
en b d asso lations de the cs 
 Y e LPE m e have

e “E” is o that 
 la is bein . 
To to prov  more r the e nee
ev chastic lete it

ection s ed the al mode
mu  practi ore has be ified in ns onl
In  contri orklife y betwee  ag

cept fo equent sus  xl
 x, e contrib workli cy as i tiona

graphi spite t e of th al
(4) appear nt. Th el, in n

nd inac t thes
ereas th CVa mo ted all /t j tL+ + years to those 

starting active othing to t arting inac he difference  these 
mo  observ ly equivale  the point  of the economy wide 
ave e, is in t  they divid me report l of activity.  

 the LPi for years of activity with transitions at mid year, the pmf 
for ial activ initial inac re related b

( ) ( ; )Y A Y Ap Pi p x LPi= − , t ≥

 and n hose st tive. T  in
dels, ational nt from  of view
rag he way e the sa ed leve
In model 

 init es and tives a y 
 

, , ;x a t L , , .5i t .5, ( ), ,0;x a LPi = . 

That is, the gr he pmf for actives is e pmf grap for ini-
tia actives nslated .5 (one-half y o the right. One may 
pro this by in  from the sions for th iven below. lterna-
tively, if one starts active, and sition is -year, one is credited 
with a half-yea tivity from ion convention. After the f t half- 
year, we have seen that the samp have the same probabilities inde-
pendently of the starting state, so the probability of s additional years of activ-
ity is the same from this point forward. For any sample path yielding s addi-

0YAp
 

aph of t  initial simply th h 
l in but tra  units ear) t
ve duction  recur e pmf g  A

the tran at mid
r of ac  the transit irs

le paths 
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tional years from the mid-point rting inactive will experience s 
y

of activity
pmf  mode  activ d-per s 

is  by the sions (41a)- e the u eft superscr  any 
transition prob  may be sup icated above: 
 
 

, the person sta
ears total, while the person starting active will experience s+.5 additional 

.  years 
The  for the LPi l for years of ity with mi iod transition

 g eniv  r recu (4 , wher1f) pper l ip ont 
ability pressed, as ind

Probability Mass Fu or the LPi Model for Years of nction f
Activity w Period Transitions ith Mid-

 
(41a)        ( )=1YAp T LPi, ,0;A a ( )and , ,0; =1A i LPi p TYA  

(41b)        ( ) 0,Y Ap x i =  x , ,0;a LP ≤  TA-1, 

(41c)        ( ) ,0; )a i a d
Y A x Y xp x Pi p p i LPi p= + + x , ,.5;a L ( 1,A x , ≤  TA-1, 

(41d)        ( ) ,0; )i i i d
Y A x Y A xp x i p p LPi p= + + , , ,0;i LP ( 1,x i x ≤  TA-1, 

(41e)       ( ), ( 1; ) ( 1, , .5;a a a i
YA x YA xp x p p x LPi p x i t LP= + − + + − x < TA , ;a t LPi 1, ,a t )i , YAp

   and t > 1,   
(41f)        ( ) ( .5; ) ( 1, , ;i a i

Y A x Y A Y Ap x p p t LPi p x i t LPi= + − + + x < TA  , , ;i t LPi 1, ,x a ) , i
xp

       and t ≥          1 
 
 
Here (41a) is a global condition, (41b)―(41d) are boundary conditions, and 

1e)―(41f) are the main recursions. 

 

(4
 

 
Probability Mass Function for the LPi Model for Years until 

Final Separation with Mid-Period Transitions 
 
(42a)        ( ), ,0; =1YFSp T A a LPi ( )and , ,0; 1YFSp TA i LPi  =

(42b)        ( ), ,0; 0,Y FSp x a LPi =  x ≤  TA-1, 

(42c)        ( ), ,.5; ( 1, ,0; )a i a d
Y FS x Y FS xp x a LPi p p x i LPi p= + + , x ≤  TA-1, 

(42d)        ( ), ,0; ( 1, ,0; )i i i d
Y FS x Y FS xp x i LPi p p x i LPi p= + + , x ≤  TA-1, 

(42e)        ( ), ,1; 0,YFSp x i LPi =  x ≤  TA-1, 

(42f)        ( ), , ; ( 1, , 1; ) ( 1, , 1; )a a a i
YFS x YFS x YFSp x a t LPi p p x a t LPi p x i t LPi= + − + + − , x < TA p

                 and t > 1, 
(42g)  , 1;t L−      ( ), , ; ) ( 1, , 1; )i i

YFS YFS x YFSp x i t LP p p x a Pi p p x i t LPi= + + + − , x <TA ( 1,i a
xi

                 and t > 1 
(42h)        ( , , ; ) 0Y FSp x a t LPi = , for t = 0,1,2,3,…,TA – 1 
(42i)   ( , , ; ) 0Y FSp x i t LPi = , for t =.5,1,2,3,…,TA – 1 
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The LPi pmf for initial actives and initia inactives for years until final separation 
possess the property that 

l 
( ), , ; ( , , ; )YFS YFSp x a t LPi p x i t LPi=  t ≥ 1, 

( ), ,0; ( , ,.5; ) 0YFS YFSp x a LPi p x i LPi= = , and ( ), ,.5; ( , ,0; )YFS Y FSp x a LPi p x i LPi= . 
That is, the pmf’s are the same for initial actives and inactives for one or more years until 
final separation; there is a zero probability of zero (.5) years until final separation for initial 
actives (inactives); and the probability of one-half year until final separation for initial 
actives is the same as zero years for initial inactives. The pmf for the LPi model for years 
until final labor force separation occurs is given by (42a)-(42i): Here again (42a) is a global 
condition, (42b)-(42e) are boundary conditions, (42f)-(42g) are the main recursions, and 
(42h)-(42i) indicate values in the doma  of the mass function that occur with zero 
probability. 

Tables 9 and 10 and Figure 4 reveal the same general (but accentuate

in

d) 
rela

obability intervals for 
FS ed that of YA. The nature of the LPi del magnifies these relation-

active men with high school in the increment-decrement model are 28.3 and 
.4 years (SC, 2001a); they are 33.7 and 10.4, respectively, for YFS (SC, 2003). 

ifference in means is 5.4 years (19.1% relative to YA), and the difference 
ndard deviations is the LPi model based on Rich-

ds’ participation rate data, the mean d standard deviation of YA in Table 9 
e 10. 

%) 
ears for the standard deviations.  

 
 
 

        (W  PI      
Age 
(1) 

Me 10% 
(12) 

90% 
(13) 

tionship between YA and YFS as previously shown by SC but within the 
context of the increment-decrement model. The YFS pmf is to the right of pmf 
for YA, and the standard deviation and the length of pr
Y exce  mo
ships. For example, the mean and standard deviation for YA for 30-year-old 

8
The d
n stai

 an
 2.0 years (23.8%). With 

ar
are 29.5 and 6.1 years; and 38.8 and 10.3, respectively, for YFS in Tabl

ifferences are 9.3 years (31.5% relative to YA) for the means and 4.2 (68.9D
y

Table 9 
YA Characteristics from LPi Model for Initially Active Men with  

High School with Mid-Period Transitions* 
 

LE)  Minimal 50%PI    Inter-Quartile PI   10%-90%
an 

(2) 
Median 

(3) 
Mode 

(4) 
SD 
(5) 

SK 
(6) 

KU 
(7) 

Low 
(8) 

High 
(9) 

25% 
(10) 

75% 
(11) 

18 39.45 43.64 31.62 45.51 41.36 42.50 7.66 -2.54 10.57 40.00 44.91 38.41 
19 38.81 40.69 41.50 7.53 -2.53 10.50 39.00 43.82 37.79 42.93 31.10 44.77 
20 38.09 39.94 40.50 5 30.47 43.94 7.39 -2.51 10.41 38.24 43.00 37.08 42.1
21 37.33 39.13 39.50 7.25 -2.49 10.29 37.27 42.00 36.29 41.33 29.81 43.10 
22 36.52 38.28 39.50 7.10 -2.46 10.15 36.29 41.00 35.46 40.46 29.11 42.24 
23 35.68 37.39 38.50 6.96 -2.43 9.99 36.00 40.66 34.60 39.56 28.37 41.33 
24 34.83 36.49 38.64 27.62 40.42 37.50 6.81 -2.39 9.81 35.00 39.62 33.74 
25 33.96 35.58 36.50 6.68 -2.36 9.64 34.00 38.59 32.86 37.71 26.86 39.48 
26 33.08 34.65 35.50 6.55 -2.33 9.46 33.00 37.56 31.98 36.78 26.08 38.54 
27 -2.29 9.29 32.20 33.73 34.50 6.43 32.00 36.54 31.07 35.84 25.27 37.60 
28 -2.26 9.12 31.31 32.80 33.50 6.31 31.00 35.52 30.15 34.90 24.47 36.65 
29 30.42 31.88 32.50 6.19 -2.23 8.95 30.51 35.00 29.23 33.95 23.68 35.70 
30 29.54 30.96 31.50 6.07 -2.19 8.78 29.54 34.00 28.32 33.01 22.91 34.75 

 
(Continued) 
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Table 9 (continued) 
YA Characteristics from LPi Model for Initially Active Men with  

riod Transitions* 
        (WLE)  %-90% PI      

Age 
(1) 

Mean 
(2) 

Median 
(3) 

Mode 
(4) 

SD 
(5) 

SK 
(6) 

KU 
(7) 

Low 
(8) 

High 
(9) 

25% 
(10) 

75%
(11) 

10% 
(12) 

90% 
(13) 

High School with Mid-Pe
 

Minimal 50%PI    Inter-Quartile PI   10
 

31 28.66 30.03 30.50 5.94 -2.15 8.61 28.57 33.00 27.42 32.09 22.12 33.80 
32 27.78 29.11 29.50 5.81 -2.12 8.43 27.60 32.00 26.52 31.16 21.34 32.85 
33 26.91 28.19 28.50 5.68 -2.08 8.25 26.64 31.00 25.63 30.23 20.57 31.90 
34 26.03 27.27 27.50 5.55 -2.03 8.07 25.67 30.00 24.74 29.30 19.82 30.95 
35 25.16 26.35 26.50 5.42 29.00 23.86 28.37 19.07 30.00 -1.99 7.88 24.70 
36 24.29 25.43 26.50 5.29 28.00 23.00 27.45 18.30 29.08 -1.95 7.69 23.73 
37 23.43 24.52 25.50 5.16 -1.90 7.50 23.00 27.23 22.10 26.52 17.55 28.16 
38 22.56 23.61 24.50 5.02 -1.85 7.30 22.00 26.19 21.20 25.59 16.82 27.24 
39 21.70 22.70 23.50 4.89 -1.80 7.10 21.00 25.16 20.31 24.67 16.09 26.31 
40 20.84 21.79 22.50 4.75 -1.74 6.90 20.00 24.13 19.43 23.74 15.33 25.38 
41 19.99 20.89 21.50 4.62 -1.69 6.69 19.00 23.11 18.55 22.81 14.60 24.46 
42 19.13 19.99 20.50 4.48 -1.63 6.47 18.00 22.09 17.69 21.89 13.90 23.53 
43 18.29 19.10 19.50 4.34 -1.56 6.26 17.96 22.00 16.84 20.97 13.17 22.60 
44 17.45 18.20 18.50 4.21 -1.50 6.03 17.00 20.97 16.01 20.07 12.45 21.68 
45 16.61 17.32 17.50 4.07 -1.43 5.81 16.00 19.91 15.14 19.17 11.77 20.76 
46 15.79 16.44 16.50 3.93 -1.36 5.58 15.00 18.86 14.28 18.28 11.08 19.83 
47 50 3.79 -1.2 14.00 17.81 13.44 14.96 8 17.39 10.37 18.91 15.56 15. 5.36 
48 .50 3.65 -1.2 13.24 17.00 12.61 16.50 14.14 14.69 15 0 5.12 9.69 17.99 
49 13.33 13.83 14.50 3.52 -1.12 4.89 12.29 16.00 11.81 15.62 9.05 17.11 
50 12.52 12.98 13.50 3.38 -1.02 4.65 11.34 15.00 11.02 14.73 8.33 16.24 
51 11.72 12.13 12.50 3.24 -0.93 4.41 10.38 14.00 10.18 13.84 7.68 15.36 
52 10.93 11.28 11.50 3.11 -0.82 4.17 10.00 13.55 9.37 12.96 7.05 14.48 
53 10 14 10.44 10.50 2.97 -0.72 3.93 9.00 12.47 8.58 12.11 . 6.36 13.60 
54 9.37 9.61 9.50 2.84 -0.61 3.71 8.00 11.40 7.83 11.27 5.74 12.72 
55 8.61 8.81 10.44 5.13 11.84 9.50 2.70 -0.49 3.50 7.65 11.00 7.09 
56 7.86 8.02 8.50 2.58 -0.37 3.31 6.76 10.00 6.32 9.61 4.49 10.96 
57 7.13 7.25 7.50 2.45 -0.26 3.14 5.87 9.00 5.61 8.79 3.97 10.16 
58 6.43 6.50 6.50 2.33 -0.14 3.01 5.00 8.02 4.96 7.99 3.35 9.38 
59 5.75 5.78 5.50 2.21 -0.03 2.92 4.05 7.00 4.28 7.26 2.86 8.60 
60 .86 4.00 5.10 5.10 5.50 2.09 0.08 2  6.85 3.66 6.54 2.33 7.81 
61 4.50 4.47 4.50 1.97 0.18 2.83 3.00 5.70 3.12 5.83 1.94 7.07 
62 3.96 3.89 3.50 1.86 0.28 2.85 2.42 5.00 2.60 5.22 1.50 6.47 
63 3.49 3.40 3.50 1.75 0.37 2.88 2.00 4.44 2.20 4.67 1.21 5.84 
64 3.09 2.97 2.50 1.64 0.45 2.94 1.71 4.00 1.86 4.18 1.02 5.34 
65 2.76 2.63 2.50 1.54 0.53 3.02 1.00 3.17 1.57 3.78 0.79 4.86 
66 2.48 2.35 2.50 1.44 0.60 3.10 1.03 3.00 1.36 3.45 0.63 4.51 
67 2.25 2.09 1.50 1.35 0.67 3.20 1.00 2.85 1.19 3.11 0.51 4.09 
68 2.03 1.87 1.50 1.27 0.74 3.30 1.00 2.78 1.05 2.84 0.43 3.81 
69 1.84 1.68 1.50 1.18 0.81 3.42 0.38 2.00 0.90 2.62 0.36 3.56 
7 0.31 3.25 0 1.68 1.52 1.50 1.11 0.88 3.55 0.51 2.00 0.77 2.40 
71 1.53 1.37 0.50 1.03 0.95 3.70 0.00 1.37 0.68 2.16 0.27 2.95 
72 1.39 1.23 0.50 0.96 1.03 3.87 0.00 1.23 0.60 1.95 0.24 2.79 
73 1.27 1.09 0.50 0.89 1.11 4.06 0.00 1.09 0.53 1.82 0.21 2.62 
74 1.17 0.97 0.50 0.82 1.20 4.27 0.02 0.98 0.48 1.70 0.19 2.41 
75 1.07 0.88 1.30 4.53 0.06 0.94 0.44 0.50 0.75 1.57 0.18 2.15 
 

*All table entries computed with the LPi model using Richards’ participation rates. 
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(11) (12) (13) 

 
 

Table 10 
YFS  from LPi Model for Initially Active Men with 

High School with Mid-Period Transitions* 
         

   (YFSE)   Minimal 50% PI  Inter-Quartile PI     10%-90% PI 
Age 
(1) 

Mean 
(2) 

Median 
(3) 

Mode 
(4) 

SD 
(5) 

SK 
(6) 

KU 
(7) 

Low 
(8) 

High 
(9) 

25% 
(10) 

75% 10% 90% 

 Characteristics

18 49.99 52.09 53.50 11.77 -1.53 6.04 47.33 59.00 45.88 57.72 35.35 62.05 
19 49.05 51.11 52.50 11.64 -1.50 5.92 46.35 58.00 44.91 56.73 34.51 61.05 
20 48.11 50.12 51.50 11.51 -1.47 5.80 45.37 57.00 43.94 55.73 33.68 60.06 
21 47.18 49.14 50.50 11.38 -1.44 5.67 44.38 56.00 42.98 54.74 32.87 59.07 
22 46.25 48.15 49.50 11.24 -1.41 5.55 43.40 55.00 42.01 53.75 32.05 58.07 
23 45.32 47.17 48.50 11.10 -1.37 5.42 42.42 54.00 41.05 52.76 31.23 57.08 
24 44.39 46.19 47.50 10.97 -1.34 5.29 41.45 53.00 40.08 51.77 30.42 56.08 
25 43.46 45.21 46.50 10.84 -1.30 5.17 40.47 52.00 39.11 50.78 29.60 55.09 
26 42.53 44.22 45.50 10.71 -1.27 5.05 39.49 51.00 38.15 49.79 28.77 54.10 
27 41.59 43.24 44.50 10.60 -1.24 4.94 38.51 50.00 37.18 48.80 27.95 53.10 
28 40.65 42.25 43.50 10.48 -1.21 4.84 37.53 49.00 36.21 47.81 27.11 52.11 
29 39.72 41.27 42.50 10.37 -1.17 4.74 36.55 48.00 35.24 46.82 26.28 51.12 
30 38.78 40.29 41.50 10.25 -1.14 4.63 35.57 47.00 34.28 45.83 25.46 50.12 
31 37.85 39.31 40.50 10.13 -1.11 4.53 34.59 46.00 33.32 44.84 24.65 49.13 
32 36.92 38.33 39.50 10.01 -1.07 4.42 33.62 45.00 32.36 43.85 23.86 48.14 
33 36.00 37.35 38.50 9.89 -1.04 4.31 32.64 44.00 31.40 42.86 23.06 47.15 
34 35.07 36.37 37.50 9.76 -1.00 4.21 31.67 43.00 30.44 41.87 22.27 46.15 
35 34.15 35.40 36.50 9.63 -0.97 4.10 30.70 42.00 29.49 40.88 21.48 45.16 
36 33.22 34.42 35.50 9.51 -0.93 4.00 20.70 44.17 29.73 41.00 28.54 39.90 
37 32.30 33.45 34.50 9.38 -0.89 3.90  38.91 19.94 43.18 28.76 40.00 27.59
38 31.39 32.47 33.50 9.25 -0.85 3.80 27.79 39.00 26.64 37.93 19.16 42.19 
39 30.47 31.50 32.50 9.12 -0.81 3.70 26.83 38.00 25.70 36.94 18.40 41.20 
40 29.56 30.53 31.50 8.99 -0.77 3.60 25.86 37.00 24.76 35.96 17.65 40.21 
41 28.65 29.56 30.50 8.86 -0.73 3.50 24.90 36.00 23.82 34.98 16.92 39.23 
42 27.74 28.60 29.50 8.73 -0.69 3.40 23.94 35.00 22.89 34.00 16.17 38.24 
43 26.83 27.63 28.50 8.59 -0.65 3.31 22.99 34.00 21.96 33.02 15.44 37.25 
44 25.93 26.67 27.50 8.46 -0.60 3.21 22.00 32.97 21.03 32.04 14.71 36.27 
45 25.03 25.71 26.50 8.32 -0.56 3.12 21.00 31.92 20.11 31.06 14.01 35.28 
46 24.13 24.76 25.50 8.19 -0.51 3.03 20.00 30.87 19.18 30.09 13.28 34.30 
47 23.24 23.80 24.50 8.05 -0.47 2.95 19.00 29.82 18.26 29.11 12.56 33.32 
48 22.34 22.85 23.50 7.91 -0.42 2.86 18.00 28.76 17.35 28.14 11.87 32.33 
49 21.46 21.90 22.50 7.78 -0.37 2.78 17.00 27.70 16.45 27.17 11.16 31.35 
50 20.57 20.96 21.50 7.64 -0.33 2.70 16.00 26.64 15.55 26.20 10.45 30.38 
51 19.69 20.02 20.50 7.50 -0.28 2.63 15.00 25.57 14.66 25.24 9.76 29.40 
52 18.82 19.08 19.50 7.36 -0.23 2.56 14.00 24.49 13.77 24.28 9.08 28.42 
53 17.95 18.15 18.50 7.22 -0.18 2.49 13.00 23.41 12.90 23.32 8.37 27.45 
54 17.08 17.22 17.50 7.08 -0.13 2.43 12.00 22.32 12.04 22.36 7.69 26.48 
55 16.22 16.30 16.50 6.94 -0.09 2.37 11.00 21.23 11.18 21.41 7.02 25.51 
56 15.36 15.39 15.50 6.81 -0.04 2.32 10.00 20.13 10.32 20.46 6.31 24.54 
57 14.51 14.48 14.50 6.67 0.01 2.27 9.00 19.02 9.49 19.51 5.63 23.58 
58 13.67 13.58 13.50 6.54 0.05 2.24 8.10 18.00 8.66 18.57 4.97 22.61 
59 12.83 12.69 12.50 6.41 0.09 2.20 7.22 17.00 7.85 17.64 4.27 21.66 
60 12.00 11.81 11.50 6.28 0.13 2.18 6.36 16.00 7.06 16.71 3.61 20.70 

 
(Continued) 



92 JOURNAL OF FORENSIC ECONOMICS 

Table 10 (continued) 
YFS Characteristics from LPi Model for Initially Active Men with 

High School with Mid-Period Transitions* 
         

   (YFSE)                  Minimal 50% PI  Inter-Quartile PI     10%-90% PI 
Age 
(1) 

Mean 
(2) 

Median 
(3) 

Mode 
(4) 

SD 
(5) 

SK 
(6) 

KU 
(7) 

Low 
(8) 

High 
(9) 

25% 
(10) 

75% 
(11) 

10% 
(12) 

90% 
(13) 

61 
61 

11.18 10.94 10.50 6.14 0.16 2.16 5.52 15.00 6.28 15.78 2.97 19.75 
62 10.37 10.09 9.50 6.01 0.20 2.15 4.68 14.00 5.52 14.87 2.31 18.81 
63 9.58 9.24 0.50 5.86 0.24 2.14 0.00 9.24 4.78 13.96 1.68 17.87 
64 8.80 8.41 0.50 5.70 0.29 2.13 0.00 8.41 4.06 13.06 1.07 16.93 
65 8.05 7.58 0.50 5.51 0.35 2.13 0.00 7.58 3.33 12.17 0.79 16.00 
66 7.33 6.77 0.50 5.31 0.41 2.15 0.00 6.77 2.62 11.28 0.63 15.08 
67 6.63 5.96 0.50 5.09 0.48 2.18 0.00 5.96 1.93 10.40 0.51 14.16 
68 5.97 5.17 0.50 4.85 0.56 2.24 0.00 5.17 1.24 9.53 0.43 13.25 
69 5.34 4.39 0.50 4.60 0.65 2.32 0.00 4.39 0.90 8.66 0.36 12.34 
70 4.74 3.63 0.50 4.32 0.75 2.44 0.00 3.63 0.77 7.81 0.31 11.44 
71 4.19 2.88 0.50 4.03 0.86 2.60 0.00 2.88 0.68 6.96 0.27 10.55 
72 3.67 2.16 0.50 3.73 0.97 2.80 0.00 2.16 0.60 6.14 0.24 9.66 
73 3.20 1.45 0.50 3.42 1.10 3.05 0.00 1.45 .53 5.33 0.21 8.78 0
74 2.76 0.97 0.50 3.10 1.24 3.38 0.02 0.98 0.48 4.52 0.19 7.91 
75 2.37 0.88 0.50 2.77 1.39 3.78 0.06 0.94 0.44 3.73 0.18 7.04 

 

*All table entries computed with the LPi model using Richards’ participation rates. 
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Figure 4 
Probability Mass Functions for YA and YFS from LPi Model for 

 Initially Active Men Age 30 with High School 
 
 
 

VI. Conclusion 
 

The conventional model of worklife has been shown be a special case of the 
Markov mode ver 20 years 
and with modern ed Markov models 

l. Reanalysis of the old conventional model, after o
methods, reveals two restrict
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(CV/demo h
d

graphic/actuarial/Ric ards and CVa), with the possibility of exten-
e CVi and the LPd m ls. pecial cases of the CVa model provide the 

n setting where  and the Nelson-type estimators make 
l sense, but within this setting, years to final separation and years of 
e the same thing. For there to even be a pr b y distribution as-
ith the various estimators, strong regu y ions have been 

d. When present, methods have been offered which permit co
n of, dard error of any of these models, and the tabulation of the 

are available for the usual, unrestricted Markov model. 
h ight of the further theoretical and empirical problems dis-

a the original BLS reasons articulated in Bulletin 2135, the 
convent erly remain abandoned in 

o ed by the data is the 
LPi mod  m els. While those users 
hould ility to 
ove beyond ful in-

formation in ry reason to 
brac erior model. 
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